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IIpeauciosne

1o nocobue npeAHasHaYeHO AJIA MOATOTOBKU K pellleHHIO 3aAady IIo
TeMe «YpaBHEHUs M CUCTEMbI YpaBHEHHH» 1, B 4aCTHOCTH, 3a1a4H Cl eau-
HOTO rocyAapcTBeHHoro 3k3ameHa (EI'3) no maremaTHKe.

3azaya Cl npeacrasnseT co6oil ypaBHeHHe WIH CUCTEMY YpaBHEHHH.
KJIioueBHM NpPH3HAKOM 3aflauyd ABJIAETCS HeoOXOAMMOCTh oT6opa Mo-
JIy4eHHBIX B pe3y/bTaTe pelieHHs TOr0 WIM WHOTO YpaBHEHHs KOpHeif
B COOTBETCTBMH C BHITEKAIOLIMMU U3 yCJIOBHSA OrpaHU4YeHUsiMH. [Ipy sToM
Ui peltieHus 3azayy Cl Heo6X0MMMO YBepeHHOe BilaZieHHe HaBblKaMU pe-
HIeHWs BCeX TUIIOB YPABHEHHWH M CUCTEM YpaBHEeHUH, H3yYaeMEBIX B OCHOB-
HOH M crapiuefl HIKoje: LeNbIX paldOHaNbHLIX, ApOOHO-paliOHANbHBIX,
HUppalHOHANIbHBIX, TPHTOHOMETPHYECKHX, TIOKa3aTeNbHbIX, JOTapupMH-
YECKHX.

Jna Toro 4roObl moarotoBKy K EI'D czenaTh MakcHManbHO d¢dek-
THBHOH, B Noco6He BKIIOUEHH 3aJlaHusI, COOTBETCTBYIOIHE BCEM MIECTH
OYHKIMOHAILHO-YMC/IOBEIM JIMHHUAM IIKOJIBHOIO Kypca, U OMHCaHbI Oc-
HOBHbIE METOJABI PellleHNs YpaBHEeHUIl U CHCTeM ypaBHEHMH A1 KaXA0H
13 3THX JUHUHA. Takoe mocTpoeHue nocobus, ¢ OAHON CTOPOHBI, TO3BOIUT
BBIIBUTH CylllecTByIolMe npoGeyabl U npobieMHble 30HBI B IOATOTOBKE
C LeJbl0 UX YCTPAaHEHUA K BHIPAOOTKH YCTOMYMBBIX HABHIKOB pelleHuf
YPaBHEHHH U CHCTEM YpaBHEHHM, a ¢ APYTOH — MO3BOMMT HUCIONb30BATh
KOMIUTEKCHBIH NOAXOJ NpY OpraHMU3alHy U NpoBeJeHHH o6o6Iarouiero
[IOBTOPEHHUA.

PasymeeTrcs, NMpUCTymaTh K H3yYEHUI0 METOZOB pELUeHUs YypaBHe-
HMH ¥ CHCTEM ypaBHEHHI, COOTBETCTBYIOLIUX I10 YPOBHIO CJIOXXHOCTH
3ajaye Cl EI'D nmo MaTeMaTHKe, MMeeT CMBIC TOJBKO B TOM clydYae,
e1H pellleHUe NPOCTEHILNX ypaBHEHNH N0 KaXAOH U3 QYHKIIMOHAIBHO-
YUCJIOBBIX JIMHMH LIKOABHOTO Kypca He BbI3bIBaeT HUKaKUX 3aTpyJHEHHH.
i1 IpoBepKM HaBLIKOB pellleHWs TaKUX YPaBHEHHUU HYXXHO NpeJBapH-
TeJbHO pEeIllIUTh TPEHUPOBOYHBIE M [AUAarHOCTHYeCKHe paboThl mocobus
C. A.lllectakoBa «EI'D 2013. Maremaruka. 3agaya B5» (M.: MILIHMO,
2013). Ilocne 3TOro HY>HO BHINOJHHUTb BBOAHYIO JIMAarHOCTHYECKYIO pa-
60Ty Hacrosiiero noco6us. OHa COCTOMT M3 /IByX 4YacTed: B MepBOH
npeZcTaBjieHbl 12 ypaBHEHH — IO [Ba Ha KaOKAYI OYHKIMOHAJIBHO-
YHCIOBYIO JIMHHIO LIKOJIBHOTO Kypca, BO BTOPOM, UMEIOLIEH Ty JKe CTPYK-
Typy, — 12 cucTteM ypaBHeHMH. BHayajse HY)XHO peIlUTb NEepPBYIO YacTb,
[I0CTapaBUIKCh YIOXKHUTBCA B ABa Yaca. Ecii npoleHT NpaBWIbHO BBINOJ-
HeHHBIX 33/laHMi OKaXeTcs He MeHblle 75, MOXHO INepeXOoAuTh K pe-
IIeHUIO 3a/la4 BTOPOH 4YacTH. B MPOTHBHOM Cjlyyae HY)XHO OIpeJeNUTh,



4 [IpeaucioBue

Kakye 3a/ja4yi BBI3bIBAIOT 3aTPyAHEHUS, OOPaTUTLCS IPU HEOOXOAUMOCTH
K pa3bopy 3ajay, U3yYUTh METO/BI PELLIEHUS, BBITOTHUTD TPEHUPOBOYHBIE
paboThl M TOMBKO II0C/IE 3TOrO MEePEXOAUTh K PEIIeHHI0 334a4 YacTH 2,
MOCTapaBIIXCh NTOTPATUTh Ha Hee He 6osee ABYX 4acoB. Eciu mpouLeHT
MpaBWIbHO BBIIOJHEHHBIX 3aJlaHUN M 3Jech OKaXeTcs He MeHblle 75,
MOJKHO IEePeHTH K peLIeHUIO CJEAYIOUIMX AUAarHOCTHYECKHX paboT, HHa-
Yye — 0OpaTUThCA K METOAAM pelIeHUS COOTBETCTBYIOUIUX CHCTEM, Paso-
OpaThcsi B HUX, pPeUIMTb TPEHUPOBOYHBIE pabOTH M TOJBKO IOTOM —
ocTaBlIMecs JuarHocTuyeckue. B ymo6oM ciyyae Npu HaIUYUM ypaBHe-
HUPA WM CMCTEM YpaBHEHWH, BBI3BABIUMX 3aTPYAHEHWs WIM pelleHHBIX
HENPaBWIbHO, HY)XHO NMpopaboTaTh COOTBETCTBYIOUIMI MaTepuas I0COo-
611 U peliuTh TPEHHPOBOYHbIE pabOTHL.

[Tocobue coaepHUT 6 JUATHOCTHYECKUX U 13 TpEHUPOBOYHBIX paborT,
a TakKe pa3bop 3aJay BBOAHOM JUarHOCTHUYECKOH paboThl H HeO6XOoAM-
Mble MeTOJHUYEeCKHe peKOMeHZAllMy MO pelleHHI0 YpaBHEHUH U CUCTEM
ypaBHEHUH, IPOWIIOCTPHPOBAHHbIE OOJIBIINM YHCIOM IPUMEPOB.

[ToauepxHeM, uTO B I0co6He BKIIOUEHHI 33JaHUsA, B OCHOBHOM OTBeYa-
Iol[Ke N0 YPOBHIO CJI0XKHOCTH 3agaHuio Cl EI'3 o MmaTemaTHKe, U MIOATO-
TOBUTE/IbHBIE 33/1aUH.

Tpu NOAroTOBKe K pellieHHIo 3aja4 yacTyd C EauHoro rocysapcTBeHHO-
ro 3K3aMeHa BaXHO IMOMHUTB clefytoliee. [IpoBepka OTBETOB OCYILECTB-
JisieTcsa aKcnepraMu. [1oaToMy NpHBOAMMOe pellieHNe A0DKHO COAEepXKaTh
Bce HeoOXoAMMbIe MOACHEH!USA M 060CHOBAHUA U ObITh NOHATHBIM He TOJb-
KO ero aBTOpY, HO ¥ JII060MY KOMIIETEHTHOMY 4€JIOBEKY, B YaCTHOCTH, NPO-
BepSIOLLEMY.



JuarHoctudeckas pabora

Yacrs 1. YpaBHeHUs
Pemnte ypaBHEeHHA.

1. 3(6x% — 13x +6)2 — 10(6x% — 13x) =53.

2. [x2=9|+|x+3|=x*>+x—6.
x7—4x5+4x2—7x—2_1
Tx7—4x5+3x2—4x—4 "
2 x=5 _ 1

: x2—2x—3+x2—1 T x2—4x+3°

L(x=3)Vx2-5x+4=2x—6.

3—-x x—1_
i syl

6
7. sin3x +sin4x +sin 5x=0.
8
9

(9

. arcsin x (4 arcsin x + arccos x) = 72
L X-24+3=3-2"+x.

10. 4sinx + 25—25inx =18.

11. log, (x® —12) +0,5log: x%2=0.

7
12.log, 2 ~log,x + ¢ =0.

YacTs II. CucTeMb! ypaBHEHHH
Pemnre cucreMy ypaBHEHHH.

1 xy+x+y=11, MZB

.{xzy+xyz=30, a xzizyZ 2,

) {x2+y2=z, (T) =x?+2y?-3y+9x.
x+y+z=-0,5. Vx+Vy=7,
x_y_5 '{m:w.
Y "2—6’ 6 {\/x+y+\/2x+y+2=7,
XTy =5 | 3x+2y=23.



6 AnarHocTnyeckas pa6ora

Y +cos?x —2+cosx =0,

7.
{ysinzx—sinx—lzo,

25in2x+3sinx+1_0
8. vy
y+4\/§cosx=0.
COSy _ A .Qcosy
81 4-9 +3:0,

9 v 1-2siny
VXx+3+cos2y+1=0.

to. {
.

12.

3-3®Y 42=3"1%Y,

Vx—-2+6cosy=0.

8logy (xy) = log, x8’
Sx+2y+22=0.

2log2(sinx) +3log, (sinx) + 1 _
log,(— cos x) =

VYy—-7=v2cosx+1.




YAcThb 1. YPABHEHUA

[71aBHBIM 3TallOM pelleHws JI000ro ypaBHeHUA ABJAETCA CBeZléHHE ero
K OZHOMY WIHM HECKOJIbKMM TMPOCTEHIINM ypaBHeHUAM. [1og mpocreimm-
MH YpaBHEHHMSIMH B 3aBUCHUMOCTH OT IIPUHAZAJIENKHOCTH K TOH WIH UHOHN
GYHKUMOHATBHO-YUC/IOBOM JIMHUH LIKOJBHOTO Kypca MOApa3yMeBaloTCA
ceayoLme:

® /IS LieJIBIX PAllMOHAIbHBIX YpaBHEHU — INHelHble U KBaJpaTHbIe

ypaBHEeHHUsI;
. f0)

o 17151 ;pOGHO-paliMOHAIbHEIX YDABHEHHH — ypaBHeHHsA BHJA 200 =0,
rae f(x) u g(x) — MHOroYwIeHs! NIepBOM WIH BTOPO# CTElleHH;

® /11 MppallMOHAIbHBIX YPaBHEHUH — ypaBHeHUs BUAa ¢/ f (x) =g(x),
rae f(x) — MHOrowieH MepBoi WK BTOPOi cTeneHH, g(x) — MHOrowieH
CTelleHU He BhILIe MepBoii;

® 11 TPUTOHOMETPUYECKUX YpaBHEeHUIi — ypaBHeHUA BUAA sinx =a,
cosx =a, tgx =a, rAe a — JeHCTBUTEIbHOE YHCJIO;

e /1A TOKA3aTelbHBIX ypaBHeHWMit — ypaBHenua suaa /™) = b, rae
a — NOJIOKUTE/IbHOE IeCTBUTEILHOE YHCJIO0, OTVIMYHOE OT eAMHULBI, b —
JeHCTBUTENbHOE YHUCTIO, f(X) — MHOrOWIeH NepBOi WIH BTOPOii CTENEHH;

e 11 Torapu$MHYECKUX ypaBHeHH I — ypaBHeHUs BHAA log, f(x) =b,
rAe b— melCTBUTENbPHOE YHMCIIO, d — TOJOXKUATEIPHOE JeHCTBHTENbHOE
YHCJI0, OTJIMYHOE OT 1, f(x) — MHOrOWIEH MepBOi WX BTOPOH CTEIIeHH.

CyuiecTByeT ABa OCHOBHBIX criocoba CBefeHHs YPaBHEHUS K OAHOMY
WIH HEeCKOIbKMM NpocTeiimum: anrebpanyeckue npeobpasoBaHus U 3a-
MeHa nepeMeHHOH. KpoMe Toro, peleHie HEKOTOPBIX YpaBHeHHH Tpe6y-
€T MPUMEHEHHA TaKUX CBOMCTB QYHKIUH, KaK MOHOTOHHOCTbL U OrpaHU-
YEeHHOCTb.



§1. Ilesble panoHa/IbHbIE YpaBHEHHUS

Kakx yxe oTMeuaynochb, MpocTeHIIMMH UedbIMU (CI0BO «palUOHAb-
Hble» UHOTAa OyieM OINycKaTb) YDaBHEHWAMM SIBJSIOTCS JWHEHHbIE U
KBaZpaTHble. PellleHUe NpaKTUYECKH JIOObIX LeIbIX YpaBHEHHH, B TOM
Yucjle U TeX, KOTopble MOJyYeHbl U3 APOOHO-pallMOHATBHBIX, UPPALAO0-
HaJbHbIX, TPUTOHOMETPHYECKHX, NMOKA3aTeJbHbIX W JIOrapuPpMUUYECKUX
ypaBHEHHH MOCPeACTBOM 3aMeHbl MepeMeHHOH b0 MHBIM CIoCcoGOM,
CBOAWUTCS K pelLIeHHI0 JUHEHHBIX M KBaJpaTHHIX ypaBHeHMii. Iloaro-
My yMeHHe 6bicTpo M 6e3 OwWMOOK peliaTh JUHEHHble W KBaJpaTHbIE
ypaBHEHUA ABJAETCA OJHHMM K3 BaXHeHIMnx: oOMIHO, NMPHAYMaB CIIO-
cob pelIeHUs OTHOCHUTENBHO CJIOXHOM 3a/laudl U CBeAA ee K JMHeHHOMY
WIA KBaJpPaTHOMY YpaBHEHMIO, OLIUOUThLCA HA MociesHeM wiare. Jlanee
pellleHHe JUHEeMHBIX U KBaJpaTHbIX ypaBHeHMI He paccMaTpuBaeTcs (pe-
KOMeHJyeTCs pelllaTh HX CAMOCTOATEIbHO), a Cpa3y NocJle UX IPUBeeHH A
K CTaHZApPTHOMY BHJY BBITHUCHIBAIOTCA KODHHU.

PaccMOTpUM OCHOBHBIE CIIOCOOB! pellleH s LeJIbIX paljiOHa/IbHBIX ypaB-
HEHHH.

1. Anrebpanyeckune npeoGpa3oBaHusA

OZHHUM M3 OCHOBHBIX CNOCOGOB CBeJEHUS YPaBHEHHWS K OZHOMY WIH
HECKOJbKUM NPOCTEHIINM ABIAIOTCA aarebpandyeckue npeobpa3oBaHuA
OZHOM WiH 06eux ero vacTed. B TakMX cjyyasX, Kak MpaBWIO, BCe wie-
Hbl ypaBHeHHS NEPEHOCAT B OAHY M3 €ro 4acTei, MPUBOAAT NMOAOOHLIE
U TBITAIOTCA Pa3/ioKUTh IOJMyYeHHOe BBHIpDAXKEHHe Ha MHOXHUTenu. s
LeJIBIX YPaBHEHHH C 3TOH LENbI0 OOLIYHO MCIONB3YIOT GOPMYJBI CO-
KpalleHHOro YMHO)XeHus. VHorzaa, yTo6bl MPUMEHUTh OZHY U3 popmyn
COKpAILIEHHOTO YMHOXXeHHUA, TpebyeTcs IIpUMEeHUTh UCKYCCTBEHHOe IIpe-
obpasoBaHue: J06ABUTb U BbIYECTE HEKOTOPOE BhipaxkeHHe. Eciiu yaaercs
«yraZlaTb» KOPEHb 1IeJIOTO pAalMOHAJBHOTO ypaBHEHHWs1 CTeNEeHU BhIle
BTOPOM, T.€. KOpeHb X, MHOrowieHa p(x) B JleBOM 4aCTH ypaBHeHHUS
p(x) =0, To MOXKHO MOHU3UTDL CTEME€Hb YpPaBHEHHs], BOCIONb30BaBIINChH
TeM, YTo Torga p(x) = (x — xy)q(x) 1 cTeneHb MHOrowieHa q(x) Huxe
cTereHn MHorowieHa p (x). s nonydenus ¢opmyJst p(x) = (x — xg)q(x)
HCIOAB3YIOT M0 pasfoxeHUe Ha MHOXKUTEIH, JIUO0 JelleHHe CTONOUKOM
MHOTro4IeHa p(x) Ha X — Xy. B HEKOTOPBIX CIy4asx AJs TOro YTOObI CBECTH
ypaBHEHHE K JMHEHHOMY WIHM KBaJpaTHOMY, AOCTATOYHO BOCIOJIb30-
BaThCA YCIOBMEM paBeHCTBA CTelleHel. PaccMOTpUM MpHMeph! pellieHus
LEJ/IbIX YPaBHEHUH ¢ TOMOLIbIO airebpanyeckux npeobpa3oBaHuil, HauYaB
¢ JUHEHUHBbIX ¥ KBaJPaTHBIX YpaBHEHHH C HppalMOHaJbHLIMU K03dpdu-
LIHEHTaMH, KOTOphle, HECMOTPS Ha UX NPUHAAJIEXXHOCTb K MPOCTeHIINM,



§ 1. Llenbie pauyoHaIbHbIE YPABHEHHSA 9

MOPO# BBI3BIBAIOT Hepa3pellidMble TPYAHOCTH Y BBIIYCKHHKOB MMEHHO
B CHIY UPPaIMOHANBHOCTHU KO3} $ULIEHTOB.
Ilpumep 1. Pewnite ypaBHeHUe
2(V3-x)+v32-x)=2v3-4.
Pemrenue. JlaHHOe ypaBHEHHeE SIBJSAETCA JUHEHHBIM. BHIOIHUM He-
obxoguMBble IIpeobpa3oBaHusA:

2(V3-x)+V32-x)=2V3-4 &
& 2V/3-2x+2vV/3-v3x=2V3-4 &
& 4V/3-(V3+2)x=2V3-4 & (V3+2)x=2V3+4 &

2V3+4 _ 2(v3+2)

S x = x=2.
V342 V342

= x=

Omeaem: 2.
IlpuMep 2. Pemurte ypaBHeHHE

2x® = (2V3+3V2)x+V6+2 =0.
PemreHue. JlaHHOe ypaBHeHue fiB/IieTcA KBaApaTHBIM. HalizeM auc-
KPMMHHAHT D ypaBHeHUA:

D= (2V3+3v2)?:-4-2-(V6+2) =

=12+12v/6+18-8V6-16 = 14+ 41/6.

JIMCKpUMUHAHT TpeAcTaBiseT coboii BhipaxkeHue BUAA p +q+/r. B Tom
cJIydae, eciid 3TO BEIpOKEHUE sIBJSAETCSA MOMHBIM KBaJipaToM, OGBIYHO HC-
HOJIB3YIOT PacCy’KAEeHHA, aHAJIOTUYHbIe CIeAYIomUM. [IpeAnonoxumM, YTo
JVCKPDUMHHAHT ABJIAETCS KBaZApaTOM CyMMBI YKces a U b:

(a+b)? = 14+41/6.

[TycTe cyMMa KBajpaTOB 3THX 4Kcel paBHa 14, a ux yABOEHHOe IPOuU3-
BezieHue paBHO 4v/6. Toraa ab = 2v/6. Hau6onee BepOATHEIMU «IpeTeH-
AeHTaMK» Ha poJib a U b asnstorea mbo 2 u v6, 6o 2v2 u V3, mbo
2+/3 1 v/2. [lockonbKy CyMMa KBaZpaToB HCKOMbIX 4yicesl paBHa 14, To 3To
yncna 2v3 U V2. Cregosarensio, vD = 2+v/3 + V2. Toraa no dopmyse
KOpHeH KBaJIpaTHOTO YpaBHEHUS:

x1=2\/§+3w/§:—2\/§+\/§, X, = V3+ V2,
=

_ 2V/3+3v/3-2/3-v2 =2

Xy = 4 2 2

2

Omeem: v3+V2; ?



10 §1. Llesble pauMOHaJbHble YpaBHEHUS

Yenosue pagencmsa cmeneneil

Ypasuenue Buga (g(x))?"*! = (p(x))*"*!, rae n — HaTypanbHOE YMC-
JIO, B CWIy CBOMCTB CTeMeHHOH GYHKLUUU C HEYETHBIM HaTypaibHBIM
MOKa3aTesleM PaBHOCWIBHO ypaBHeHMIO g(x) = p(x). YpaBHeHMHe BHJA
(g0 = (p(x))?", rae n— HaTypalbHOE YMCIO, B CHIY CBOMCTB CTe-
neHHoW QYHKUMM ¢ YeTHBIM HATypaIbHBIM IOKa3aTeJeM DaBHOCWIbHO
p(x) =q(x),
p(x)=—q(x).

IIpumep 3. Pewinte ypaBHEeHHE
(x-3)°+(?*-2x-1)°=0.
Pemenne. llepenuiueM ypaBHEHHE B BUJE
(x—3)¢ = —(x*-2x - 1)*.
93,

COBOKYITHOCTH

Jlanee, TOCKONBKY a®=(a —b3=(-b)3, MIOJIYYHUM

((x=3))° = (—x?+2x+ 1%

B cuny Toro, uto ¢ =d° & ¢=d, nocienHee ypaBHEHHE TIPUBOAUTC
k Buay (x —3)?=—x? + 2x + 1. TlepeHecs Bce WieHbl ypaBHEHHUSA B Jie-
BYIO 4acTb, PACKPBIB CKOGKH, MpUBeAsd NogobHble U pasfiennB obe yacTh
MOJIyYeHHOTO ypaBHeHMA Ha 4MCJO 2, NMOJYYUM KBaApaTHOE ypaBHEHHE
x? —4x +4=0, eAMHCTBEHHBIM KOPHEM KOTOPOTO ABJAETCH 2.

Omesem: 2.

Pasznoxncenue Ha MHOMUMENU

Cpeau uesBIX YpaBHEHMH CTelleHM Bbillle BTOPOM, pellaeMbIX C IO-
MOIIBIO Pa3/MOXKEeHHs] HA MHOXUTENH (4711 Yero MPHUMEHAIT GOpMYJIBI
COKpallleHHOr0 YMHO)XEHHA W BHIHECEHHWE 3a CKOOKy obliero MHOXHTe-
JIs1), MOXXHO BBLIETUTb CHMMETPHUYECKOE ypaBHEeHMe TpeThero nopsaka
ax® +bx?+bx +a = 0. [leperpynnupoBas cjaraeMble U BHIHOCS 3a CKOOKY
ob1[ie MHOXXUTEJH, MONYyYHUM a(x*+ 1) +bx(x+1)=0. [IpuMeHUM
B JIEBOM yYacTu ypaBHeHus (OpMY/Ny CyMMbI Ky6OB M BHOBb BBIHECEM
06IHI1 MHOXUTEb 32 CKOOKY:

a(x+ D02 =—x+1) +bx(x+1) = (x+1)(ax®—ax+a+bx).

Takum 06pa3oM, ypaBHEHHE CBOAMTCA K JUHEIHOMY ypaBHEHHIO X + 1=
= 0, KOPHEM KOTOPOTO ABJAETCA YUCIO —1, U KBaJAPaTHOMY ypaBHEHHIO
ax?—(a—-b)x+a=0.

OTMeTHM, YTO /s GOMBIIMHCTBA JPYTHX lleIbIX YPaBHEHUM CTeNeH!
BbIIIe BTOPOU CTaHZAPTHHINM aJITOPUTM pelleHus yKasaTh He yAaeTcs, HO
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MpaKTUYEeCKH Bcerja B UX pellleHUH MOXHO CyLeCTBEHHO NPOABHHYTHCA,
cefys OAHOM U3 TpeX «MHCTPYKUHH», WIH «[IpaBWI»: «[IPUMEHU GopMy-
Jy», «106aBb ¥ BBIYTH», «yTajiaif KopeHb». PAacCMOTPHUM HECKOJIbKO IIpHUMe-
pOB.

IIpumep 4. Pemurte ypaBHeHuUe
5x® —21x? - 21x+5=0.

Pemenue. [leperpynnupoBas cjlaraeMble H BHIHOCSA 3a CKOOKY obLiue
MHOXHTEJH, MOMYIUM 5(x3+1) —21x(x+1)=0. IMpyMeHUM B JieBOM
4acTH ypaBHeHHs1 GOPMYJy CyMMBI Ky6OB 1 BHOBb BbIHECEM OOLIUE MHO-
HKHUTEJIb 38 CKOOKY:

5(x+1)(x*—x+1) —21x(x+1) = (x+1)(5x% —26x +5).

TaxuM o6pa3oM, ypaBHEHHe CBOAWTCA K JMHEHHOMY YPaBHEHHIO X +
+ 1 =0, KOpHEM KOTOpPOTO fABJIsAETCA YHUCI0 —1, U KBaJpaTHOMY ypaB-

HeHuIo 5x% — 26x+5=0, KOPHSIMH KOTOPOTO ABJAIOTCSA YHCIa % U 5.

.1

bl 5’ 5‘

IIpumep 5. Pemure ypaBHeHHE
x*=23+x2-9=0.

Pemenue. JTOT IpMMeP WIIOCTPUpYET NpUMeHeHHe GOpMyJ COKpa-
LIEHHOTO yMHOXeHHsA. CHayasa Bocronb3yeMmcsa GopMy/Ioii KBaJpara pas-
HOCTH AByX uncel: x* — 2x3 + x? = (x? — x)2. Tenepb ypaBHeHHe MOX-
HO mepenucath Tak: (x2 — x)% — 32 = 0. [lpuMeHUB GOpPMyy PasHOCTH
KBazpaToB, noayduM (x% —x — 3)(x? —x+3) =0, orkyza x> —x~3=0
1160 x? — x +3=0. Kopuamu ypasHeHus x* — x — 3 =0 ABIA0OTCA YHCAA

1—¢T3H1+JI‘

3 . "
5 - YpaBHenue x? — x + 3 =0 fecTBUTENbHBIX KOPHE}T He
HMMeET B CWIY OTPHLATE/IbHOCTH AUCKPHUMHHAHTA.

1-V13. 1+v/13
2 2
IIpumep 6. Pemure ypaBHeHUe
=+ (x =4+ (x -4 (x—3) + (x—3)*+(x-3)°* = 6.
PeuieHue. /I/1a pellleHHA ypaBHEHHUA BHOBb BOCITIO/Ib3YEMCS MTPAaBHIOM
«IpUMeHHU ¢opMmyny». BelpaxeHue
(x =4+ (x —4)(x—3) + (x — 3)?

npejcTasAeT co6oit HEMOMHbIM KBagpaT CyMMBI Yyucesn X — 3 U x — 4. Tlo-
3TOMY €CJIH YMHOXHUTb €ro Ha pasHOCThb 3THUX yucen (x —3) — (x — 4),

Omsem: —1

Omeem:
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TIOJy4YMM Pa3HOCTb Ky60B 3TuX uncesl. Ho (x — 3) — (x —4) =1, noatoMy
xX—4*+(x=Dx -3+ x—3)% = (x-3)* - (x—4)°.
Tenepsb ypaBHEHHe MOXHO IepelnucaTh Tak:
(x—4P+(x-3)° - (x—493+(x-3)* =6,
OTKyZa, NpUBeAs MoJo6HbIe U pa3Zie/iuB 06e YacTH YpaBHEHHA Ha YUCJIO 2,
nonyyaeM (x —3)3 =3. 3Hauut, x — 3= V3, u x=3+ /3.
Omeem: 3+ V3.

Ipumep 7. Pemmre ypaBHeHue x* +4x —1=0.

Peurenue. JIjiA Toro 4yTo6bl pelINTh 3TO YpaBHEHUe, nonpobyeM ApH-
MEHHTb K €ro JIEBOI YaCTH NPaBWIO «406aBb U BBIYTH», AOTIONHUB Xx* 70
KBaJpara CyMMEHI:

xt+4x—1=(x*+2x2+1) —-2x*+4x -2 =
=(?+1)2-20x*-2x+1) = A+ D2 -2(x- 1%
Hanee,
CP4+1)2 =20 - D% = (2 +1)2 - (V2x-V2)* =
= (x*+1+v2x - v2) (x*+1-V2x+ V2).
[Tosnyyaem ABa KBaZpaTHBIX YpaBHEHHUs:
C+V2x+1-vV2=0 u x*-V2x+1+v2=0.

Kopuamu ypaeHenus x? + v2x+ 1 — +/2 =0 apnsiorca yucna

-V2-V4v2-2 " -V2+V4v2-2
5 :

2

VpaBHeHue x? — v2x + 1 + V2 = 0 eiCTBUTENbHEIX KODHEH He MMeeT
B CIJIy OTPULATENLHOCTH JUCKPUMHMHAHTA.

-V2-V4v2-2 —V2+V4v2-2
2 ’ 2 :

Ipumep 8. Pemute ypasHeHue 2x> +3x% —1=0.

Pemenue. JleBast 4acThb ypaBHEHMS HpeACTaB/seT COG0H MHOrOWIeH
TpeTbeH CTeNeHH C LeJIbIMU KoadduurenTamu. JJis pelieHus ypaBHeHNA
TAKOr'o THUNA CJleAyeT NMPUMEHUTh UHCTPYKLHUIO «yTajal KOpeHb», BbIAC-
HUB, He sIBJIAETCA JIM KaKoe-HUOYb lieJIoe YUCIO X, KODHEM YpaBHEHHS.
Takoe YHCII0 HY)KHO MCKaTh CpeAiM AeuTeieil cBo6ogHOro wieHa. B ca-
MOM JeJsie, eC/Id Xy — KOpPeHb KaKoro-1ubo 1ieJIoro ypaBHeHHS C LieJIbIMU

Omasem:
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ko3 ULMeHTaMu, HaTpUMep, ypaBHeHuUs ax +bx? +cx +d =0, To npu
ero MOACTAaHOBKE B ypaBHEHHe MOMYYHMM BepHOE YHCIOBOE PaBEHCTBO
axg + bxg + ¢xy +d = 0. Tak kak KaxJoe U3 Tpex INepBbIX CJaraeMbIxX
JIeBOI YaCTH 3TOro PaBeHCTBA JENUTCS Ha Xg, TO U NOC/IEAHEe claraeMoe
d JOKHO AENUTHCA Ha X. AHAIOTHYHBIE PAacCy/IeHUs IPUMEHUMBI U A1
ypaBHEHHUii CTelleHH Bhlllle TpeTheil. Ecin Takoe Y1cesio X, CyIecTByeT, TO
JIEBYIO YacCTh ypaBHEHHUA MOXKHO GyAeT Pas/OXUTh HA MHOXHMTEH, OFHUM
U3 KOTODBIX fABIAETCA X — Xy. JJj11 3TOro cjlefyeT «pa3buTb Ha maphl»
JIEBYIO YaCTh YPaBHEHHA TaKUM 06pa3oM, YTOOBI B KaXKAOH Iape MOXHO
6BUIO BBLAEUTH MHOXHUTENb X — X, IMOO BBHINOIHUTD Jle/IeHHe MHOrowIe-
Ha Ha MHOTOWIEH CTONGUKOM. Tak, yncio —1 ABiasgeTcs KOPHEM JaHHOTO
ypaBHeHHUs], B Y4eM MOXKHO YOeAUThCA MPOCTOH NpoBepkoi. Teneps JieBy1o
4acTb YpaBHEHUA MOXKHO NpeoGpa3oBaTh CAeAYIOIMM 00pa3oM:

23432 -1=23+2x)+(x*-1) =
=22+ D)+ (x+Dx-1) = (x+1D2x%+x-1).

Takum obpasom, x = —1 60 2x2 + x — 1 =0. KopHAMHU TOCIEIHETO
ypaBHEHHA ABJIAIOTCA Yuciaa —1 u 0,5.

Omeem: —1; 0,5.

YpasHerus, codeprcaujue 6onee 00HOU nepemeHHOL

YpaBHeHus, cojepxauiue 6osee ofHON NepeMeHHOM, OOBIYHO CTaBAT
B TYTIUK HEJOCTATOYHO NOJArOTOBIEHHOIO BHITYCKHUKA, XOTA B 6OJIBIINH-
CTBe CJIyYaeB HX peliieHHe He TpebyeT U30IPeHHbIX Tpeo6pa3oBaHNi WK
HeCTaHAAPTHBIX NoAxoA0B. Kak mpaBwio, Takue ypaBHEHHUA fBIAIOTCA
KBaJpaTHBIMA OTHOCUTENbHO OJHOM M3 NEPEMEHHBIX, U KJIIoueBas uaes
3aKI04aeTcsd B MCUIEAOBAHWH AUCKPHMHUHAHTA YpaBHEHUA: U3 YCIIOBUsA
€ro HeOTPULIATENLHOCTH HAaXOAATCA AONYCTUMbIE 3HaYeHUs1 BTOPOH Iepe-
MEHHOH.

IIpumep 9. Haiigure Bce mapH (x; y) 4uCea X U Yy, A KOKAOH U3
KOTOpHIX 5x2 — 4xy + y?> —8x +2y +5=0.

Pemlenne. [lepenucaB jaHHOe YpaBHEHHe KaK KBaJpaTHOE OTHOCH-
TEJLHO X, NOIY4YHUM

5x?—4(y +2)x+y*+2y+5=0.

[Tyctb D — AMCKPUMHHAHT YpaBHEHHUs, Toraa

2 =4 +2? -5 +2y+5),

OTKyZa, PacKphiB CKOGKHM M MpHBeAs MOA0OHbIE, HAXOAUM

D=y tey—9=-(y-32
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Ecnu y # 3, To % < 0, 1 ypaBHeHHe He UMeeT pemleHUd. Ecim y =3, To

2(y+2)
5

D
= =0,uTorza x=

4
Omaesem: (2; 3).

2. 3ameHa nnepeMeHHOM
Ypaenenue guda a- f2(x) +b- f(x)+c=0

Takue ypaBHeHMs (MX MHOrJAa Ha3bIBAlOT TPEXWIEHHBIMH) SIBJAIOT-
cA OJHMMM M3 Haubojlee pacnpocTpaHeHHBIX. HaBepHoe, camblif u3-
BECTHBIA IIpMMep 3TOro TUNAa ypaBHEHHUI — OUKBaZpaTHOE ypaBHeHHe
ax* + bx? + ¢ =0 (3mech f(x) = x?). 3ameHoii nepemeHHOM t = f(x)
TPEXWIeHHOE ypaBHEHHE CBOAUTCA K KBaJpaTHOMY OTHOCHTENbHO Iie-
peMeHHOIA t ypaBHeHHIo at® + bt + ¢ =0. B xauecTBe NepBOro np1uMepa
NoZo6GHOTO THINa YpaBHEHHi paccMOTpUM 3ajady 1 yactu I BBOAHOI
ZAUArHOCTUYECKOH paboThl.

IIpumep 1. Pewnite ypaBHeHUe
3(6x* — 13x + 6)% — 10(6x* — 13x) = 53.

Pemenue. O6o3HauuM 6x% — 13x + 6 yepes t. Torna 6x° — 13x=t—6
Y ypaBHEHHe IDUMET BUJ 3t —10(t — 6) =53, OTKyZa 3t2-10t+7=0.

7
KOPHHMI/I MOJYYE€HHOI'0 KBaZipaTHOT'O YPABHEHUA ABJJAKOTCA YUCIA lu §

Caenaem obpaTHyto 3ameHy. [py t = 1 nonydum ypasHeHue 6x2—13x +
+6=1, otkyza 6x* — 13x + 5=0. KOpHAMU Noc/ieJHEro ypaBHEHUs ABJIA-

I0TCAL YKCIa % u g Mput= % TOIY4YHM ypaBHeHHe 6x? — 13x + 6= %, OT-

KyZia, yMHOXHUB 06e 4acTH ypaBHeHus Ha 3, nonyyaem 18x? —39x +18=7
, 3HauurT, 18x% —39x +11=0. KopHsaMu nocneiHero ypaBHeHUA ABJA-

1,1

I0TCA yucija 3 U 6"
Omeem: 1. 1. 5. 11
37223 6°

Ilpumep 2. Pewinte ypaBHeHUE
32x—D*-16(2x—1)*+16 = 0.

Peurenne. Cgenaem 3aMeHy IepeMeHHOH: z = (2x — 1)2,2=0. Ypas-
z2=4,

uenvie npumert Bua: 3z2 — 16z + 16 = 0. KopHu 3TOro ypaBHeHu: I: 4
z2=3.
3
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YcnoBuio z 2 0 yAOBIETBOPAET KaXkAblil U3 KOPHeH ypaBHeHusA. BepHeMcs
K [TlepeMeHHOH Xx:

i 3
f2x—1=2, x =3,
[(2x—1)2=4, ols x=-3,
= 4

_ 2_4 2x—]=\/t, — V3+2
2x-1) =3 x 273
2x—1=— ‘5‘ o V32
- i 2v3

.1, v/3-2 v3+2 3
Omsem: 3 /3 2v3 0 2"
Ypasnenue auda (x —a)(x—b)(x —c)(x—d) =k, 20e a+ b=c+d

YpaBHeHMe yKa3aHHOTO THIA IOC/IE I[ePEMHOXEHHA JBYX IepBhIX
M JIByX NMOC/IeJHUX CKOBOK B JIEBO# YaCTH JIerko peo6pa3oBaTh K BUAY

(x*=(a+b)x+ab)(x*— (a+b)x+cd) =k
¥ CBECTH K KBaZpaTHOMY 3aMeHOMH
t=x?—(a+b)x wwm t=x%>-(a+b)x+ab.

WHorza sieBas yacTh TaKMX ypaBHEHHH NpejcTaBaseT coboil npousBsese-
HUe JIByX KBaJpaTHBIX TPEXWIEHOB U TpebyeT NpeABapUTEIbHOTO pasio-
JKEHUA KaXJOro U3 HUX Ha MHOXXHTEJIH.

IIpumep 3. Peunte ypasuenue (x> —4x + 3)(x?+6x +8) +24=0.

PeimreHye. Pa3foUM KaXABIA U3 KBaAPATHBHIX TPEXWIEHOB B JIeBOU
YacTH ypaBHEHUsS Ha MHOXUTeIU. KopHAMM TpexwieHa x? — 4x + 3 saBya-
10Tca ydena 1 u 3, noatomy x2 —4x + 3= (x — 1) (x — 3). KopHamu Tpex-
wieHa x? + 6x + 8 ABIAOTCA YHmIa —4 U —2, noaTomy

x?*4+6x+8=(x+4)(x+2).
Teneps AaHHOE YPaBHEHHE MOXXHO NEPEnucaTh B BHJE
x=1D(x-3)(x+4)(x+2)+24=0.

IMockonpky 1+ (—2) =3 + (—4), nepeMHOXXHUM CKOGKH JIEBOI YacTH MOIy-
YEHHOr0o ypaBHEHHUA CJeAyloliUuM o6pa3oM: IepBYIO C MOCIeAHeMH, a BTO-
pyio ¢ Tpetbeid. [omyuum (x? + x — 2)(x? + x — 12) 4+ 24 = 0. Caenaem
3aMeHy nepemeHHOM. Ilycts t = x% + x — 2. Torga x% 4+ x — 12 =1t — 10,
M ypaBHeHHe npuMeT BHZA t(t — 10) + 24 =0, oTkyza t2 — 10t + 24 =0.
KOpHAMH MOTy4eHHOTO KBAaJPaTHOTO YPaBHEHHUSA SABIAIOTCA YUCAa 4 U 6.
CaenaeM oGpaTHyto 3aMeHy. [Ipu t =4 nosyyum ypasHenue x2 + x — 2 =4,
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oTKyza x% + x — 6 =0. KopHAMH IOC/IeIHETO YpaBHeHHUsA ABIAIOTCA YMCIa
—3 1 2. Tipu t =6 nony4uM ypaBHeHHe X + x — 2= 6, oTKyaa x> +x — 8=
-1+4++v33  —-1-+33

2 272

=0. KOpHAMH 3TOro ypaBHeHUs SABJIAIOTCA YUCIA
Omeem; —L=VY33. _3. 5 Z1+v33
2 2
YpasHenue suda (x —a)(x —b)(x —c)(x —d) =kx? 20e ab=cd #0

Takue ypaBHEHUs CBOJATCA K KBaAPaTHLIM IMOC/E CJEAYIOIIUX Ipeod-
pasoBaHul. [lepeMHOXXHM /JBe NepBHE U ABe MOCAeAHUE CKOOKU JIeBO
YacTHU C Y4ETOM TOTO, 4TO ab=cd:

(x®>—(a+b)x+ab)(x? — (c+d)x+ab) = kx>.
Tenepb, y4uTHIBasA TO, 4TO X 7 0 (MHaYe OZHO M3 yucen a, b, ¢, d AoKHO
OBITh PABHO HYJIIO, & 3TO IPOTUBOPEUHUT YCIOBUIO), Pa3JeuM obe YyacTH
YPaBHEHUs Ha X2 cIeAyolMM 06pa3oM:

(xz—(a+b)x+ab) (xz—(c+d)X+ab) —k,

X X
orkyza (x+22+ (@+b)) (x+L+(c+d) =k.
O603HauuB t = x + ayb WIh t=Xx+ a7b + a + b, nmony4yuM KBaZpaTHOe
ypPaBHEHHUeE.

IIpumep 4. Pemute ypaBHeHue (x +2)(x+3)(x+8)(x+12) = 4x2.

Pemenue. [lepeMHOXHUM IEepBYI0 U NOCJIEJHIOIO, & TakKe BTOPYIO
U TPeThbI0 CKOOKU JIeBOM YacTH:

(% + 14x +24) (% + 11x + 24) = 4x2.

3aMertuM, uTo X =0 He ABJISETCA KOPHEM YpaBHEHWsd, U pasjenuM obe
YacTU ypaBHEHMA HA X° c/eyIouM 06pasoM:

(x2+14x+24) (x2+11x+24) —4

X X
BBLINOJIHUM MOWIEHHOE Je/IeHUe B KAXKA0H U3 CKOOOK JIEBOKM YacTH I0C/Ie-
HEro YpaBHEHUs U IleperpynnupyeM cjlaraemuie:

(e+ Z+14) (x+2411) =4
X X
Tenepb MOXHO czelaTh 3aMeHy nepemMeHHOM. [lycTb t =x + 2)(—4 + 14. To-

raa x + 2x—4 + 11 =t — 3 u ypaBHeHUe npuMeT BUA t(t — 3) =4, oTKyAa

t? — 3t — 4=0. KOpHAMHU MOTy4eHHOTO KBAAPaTHOTO yPaBHEHHs ABIAIOT-
csiyucna —1 u 4. Caenaem obpaTHyio 3aMeHy. [Ipu t = —1 nony4yum ypas-

HEHHEe X + % + 14 = -1, orkyzaa X2 4+15x +24=0. KopHsamu nociea-
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-15- \/12 —15+\/129

Hero ypaBHEHMA SIBJAIOTCA YHCIa 5 .Jput=4

MOJlyYUM ypaBHeHHe X + 2x_4 + 14 =4, otkyaa x* + 10x + 24 =0. Kopuamu
3TOro ypaBHeHm[ ABJIAIOTCA yucaa —6 u —4.

v 1 V12
Omeem: 29 —6; —4; -1 z Z15+vi129
Ypasrenue suda a- f2(x) +b- f(x)-glx) +c-g%(x)=0
Taxoe ypaBHeHHe Ha3bIBAETCA OZHOPOJAHBIM YpPaBHEHHUEM BTODPOTO IIO-
paaka. OHO CBOAMTCA K KBAJApaTHOMY YPaBHEHHIO IOC/e AeneHus obe-
o . . (x
UX yacTel Ha g2(x) M BBEJIeHUA HOBOH MepeMeHHOMH t = f(—x; Cnegyet

TMOAYEPKHYTh, YTO NpH ZleJIeHUH Ha g2(X) MOXeT TIPOM30TH TIOTeps Kop-
Hell ypaBHeHUs1, IO3TOMY 0bs3aTe/IbHON SIBASETCSA NMPOBEPKA TeX 3Haue-
HUM X, IIpH KOTOpbIX g2(x) = 0. EC/IM 9TH 3HAYEHUs ABJSIOTCA KOPHAMH
MCXOZHOTO ypaBHEHHA, TO UX TaKxke CjefyeT BKJIIOUNUTb B OTBET. Jpyroii
crocob pelleHus 0JHOPOJHOIO YpaBHEHHA COCTOMT B PACCMOTPEHUHU €O
KaK KBaJpaTHOTO OTHOCHUTEIBHO OAHOM U3 yHKLMi f(x) win g(x).

ITpumep 5. PeuiuTe ypaBHeHUe
X (x =1 +x(x*-1) = 2(x+ 12
Pemienue. TlepenyiieM ypaBHEHUE CIEAYIOHIUM 06pasoMm:
(2 =x)?+ (2 =) (x+1) - 2(x+1)2 = 0.

3aMeTHM, 4TO x = —1 He ABJNAeTCA KODHEM YpaBHEHHA, U paszeiuM obe
vacTu ypaBHeHus Ha (x + 1)2. [Tonyuyum

x2—-x\2  x*-x _
(x+1) t55 7250
Cnenaem 3ameHy nepeMeHHOH. [TycTh t= "7 X

P 1 Toraa ypaBHeHHe IpU-

MeT BUA t2 +t—2=0. KopHaAMH nosny4yeHHOro KBaJpaTHOTO YpaBHEHUA
ABA0TCA yncaa 1 u —2. Caenaem obparHyto 3aMeHy. [1Ipu ¢ = 1 moxyuum

ypaBHeHHe X=1, oTKyza x2 — 2x — 1=0. KopHAMY NOC/IeHETO YpaB-

x+1
HeHMA ABAAIOTCA yncna 1 — v2u 1+ v2. 2. Ilpu t = —2 nonyynum ypaBHeHHE

2
X"—X o
Il = —2, oTkyna x2 +x+2=0. 310 ypaBHeHHe He UMeeT KOpHeH, Tak

KaK €ro IMCKPUMMHAHT OTPHLIATENEH.
Omeem: 1—v2; 1+ V2.

YpasHenue suda ax* +bx3 +cx?+bx+a=0, 20e a#0

Takoe ypaBHeHHe, kK03(GULUHEHTH KOTOPOr0 CHUMMETPUYHBI OTHOCH-
TeJIbHO CE€PEAUHEI, Ha3bIBaeTCs BO3BPAaTHBIM YpaBHEHUEM YETBEPTOTO I0-

2 VDARHRHWUR U CUCTEMRI VOARHEHWIA
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pazka. K KBaapaTHOMY ypaBHEHHIO €T0 MOKHO CBECTH CJIeAyIolUInM obpa-
30M. BbiHeceM 06111e MHOXHTEIM U IeperpyIHpyeM ciaraeMbie B JIEBOF
YacTH ypaBHEHMA:

alx*+ D) +b(3+x)+cx?=0.

3ameTuM, 4TO X = 0 He ABJsAETCA KOpPHeM ypaBHeHUA (uHaye a =0, 4TO

IPOTUBOPEYUT YC/IOBHIO). PaznenuB ofe 4acTH [OCTIeAHETO YypaBHEHUS

Ha x?2, nony4um

a(x*+3; )+b(x+ )+c=o.

TycTtb t =X + . Torna t> =x?+2 + , OTKyzAa x*2 + = =t?—2. Tenepp

ypaBHeHHe MOXHO NepenucaTb Tak: a(t2 —2) + bt + ¢ = 0. Iocneanee
YpPaBHEHHE ABJIACTCA KBAZPATHBIM OTHOCHUTE/JIbHO HepeMeHHOﬁ t.
Cxoxee C pacCMOTPEHHbIM ypaBHEHHE BH/AA

ax*+bx®+cx?=bx+a=0

MOKHO CBECTHM K KBaJpaTHOMY aHaJIOTU4YHBIM 06pa3oM, NOJyYUB ypaBHe-
HHe
(x + ) +b(x——)+c =0

1
U cAenaB 3aMEHYy HepeMeHHOH t=x— ;, OTKYyAa
1 1
t2 :X2—2+J—(—2‘, XZ+F = t2+2,

W, cegoBaTeNbHo, a(t? +2) + bt +c=0.
Mpumep 6. Pemure ypaBHeHue x* —3x® + 4x?-3x+1=0.

Pemenue. 3ameTuM, uTo X =0 He siB/sfieTC KOPHEM ypaBHeHHA. Pas-
ZienuB 06€ YacTH NMOoC/TefHEro ypaBHEHUS Ha X2, Ieperpynnuposas ciara-
€Mble B JIEBOH 4aCTU U BbiHECs 3a CKOOKY 001N MHOXXHTeJb, OTy4HM

x2+%—3(x+%)+4=0.

[TycTb t—x+— Torma t? =x%+2+ 2,OTKy,aa x2+%=t2—2. Te-

Mepb ypaBHEHHe MOXKHO TepenucaTh Tak: t> — 2 — 3t + 4 = 0, oTKyAa
2 _ 3t + 2 =0. KopHAMM MONy4€HHOrO KBaJPaTHOrO ypaBHEHUs SB-
naoTresa yncita 1 u 2. CaenaeM obpaTHyro 3ameHy. [lpu t = 1 nosyyum

1
ypaBHeHHE X + = 1, oTkyaa x? — x + 1 =0. DTo ypaBHEHHE He UMeeT
KOpHeH, TaK KakK ero AUCKpMMHHAHT oTpHuareseH. [Ipyu t = 2 moay4yum

1
ypaBHeHHe X + = 2, oTKyZa x2 — 2x + 1 = 0. EZUHCTBEHHHIM KOpHEM
Noc/IeIHEr0 YpaBHEeHUS SIBJISETCA YUCIO0 1.

Omesem: 1.
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Ypaenenue suda (x+a)* + (x+b)*=c

OTO ypaBHeHUe I10C/Ie 3aMeHbl t =X + %Q (vHOTa HA3BIBAEMOM CUM-
Mempu3sauueii) cBOZUTCA K OUKBaJpaTHOMY ypaBHEHHIO.

Ipumep 7. Pemmure ypaBHeHue (x +3)* + (x+5)*=16.

Pentenue. O603HauuM t =Xx + 4, Toraa ypaBHeHHe MPUMET BUJ,

t—D*+(@¢+1)* = 16.

Tockonbky a* +b* = (a® + b?)? — 2a%b?, neBy1o 4acTh NOIYYEHHOTO ypas-
HEHMsl MOXHO TIpeo6pa3oBaTh Tax:

(C-D*+ ¢+ -2t -2+ 1% =
= (202 +2)° - 2(2 - 1)? = 4c* + 82 + 4 -2t + 412 — 2 = 26" + 1262 + 2.
[Nomyyum ypaBHEHUE 2t + 12t2 + 2 =16, OTKyZAa t*+6t2—7=0.
Iycts t?= z, 2> 0. Toraa 22+ 62 — 7 =0. EAMHCTBEHHBIM NOJOXUTENb-
HBIM KODHEM IIOC/IE/IHETO ypaBHeHMA ABagerca z = 1. TMostomy t2 =1,
oTkyAa t=—1 qmbo t =1. Eum t =—-1, T0 x + 4= -1, oTkyga x = —5.
Ecmu t=1, To x+4=1, otkyza x = —3.
Omegem: —5; —3.

3. IIpumeHeHHe CBOMCTB PyHKIMH

Hekxotopsie (He 06513aTebHO 11€/1ble) YPaBHEHHA MOTYT OLITh PeLIeHbI
C ITOMOLIBIO TaKUX CBOMCTB QYHKUUH, KAK MOHOTOHHOCTb U OrpaHUYeH-
HOCTb. PacCMOTpPHM COOTBETCTBYIOIME IPUMEPHI.

Ipumep 1. Pemure ypaBHenue x° +3x3 +8x —12=0.

Pemenue. Yucno 1 siBaserca KOpHeM ypaBHeHMsA. JIpyrMX KopHei
ypaBHEHHe He UMeeT, Tak Kak dyHkuua y = x> + 3x> + 8x — 12 apnser-
¢ MOHOTOHHO BO3pAacTaloLiel Ha Bcel YMCIOBOH HpAMOH (kKak cymMma
MOHOTOHHO BO3PacTAOIMX QYHKLMI), U, C/Ie/l0BaTebHO, K&K/A0€e CBOe
3HayeHHe NpUHUMaeT POBHO OZUH pas.

Omeem: 1.
IMpumep 2. PemnTte ypaBHeHHE
(x*—2x2+2)*+ (x*+2x+5)2 = 17.

Pemrenne. BbigennB mosaHble KBaZpaTbl B KOKAOH U3 CKOGOK JieBoM
4acTH, NepenuuieM JaHHOEe YpaBHEHUE B BUe

(G =-D?+D*+ ((x+1D*+4)2 =17
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U3 HepaseHcTB (x2 —1)2 41211 (x+1)2+4 > 4 creayer, uto
(=12 +1D* =1, ((x+1?*+4)?>16.

[TosaTomy sieBast 4acThb ypaBHeHMA He MeHblie 17. BeiThb paBHOIt 17 OHa
MOXeT TOJIbKO B C/y4ae, KOrAa KaxJoe M3 ABYX IOCJAeJHUX HepaBeHCTB
obpaliaercsa B paBEHCTBO, T. €. eCIH

(=1)%+1=1,
(x+1)2+4=4.

EAMHCTBEHHBIM pellieHreM [TONyYeHHOM CUCTEMBI IBJIAeTCS KOpeHb X =—1.
Omeem: —1.

4. YpaBHeHHS, coAeprKalde IepeMeHHYIO M0/ 3HaKOM abCOMOTHOH
BEJIMUMHBI (MOAYJIsA)

YacTo TakMe ypaBHEHUA Ha3bIBalOT KOpo4Ye: YPaBHEHMsS C MOAYJIEM.
YpaBHeHwus, cofiepKaliie MoAy/ib, 06EIYHO OTHOCAT K CDABHUTENbHO TPYA-
HBIM, XOTA 3HAYUTEJIbHAs YaCTh TAKMX YPABHEHHH C YCIIEXOM pellaeTcs
C NMOMOLIbIO CTAHAAPTHHIX PABHOCWIBHBIX TIPe0OPa30BaHUM WIHM «pacKphl-
THUA MOZY/IfA» B COOTBETCTBUU C €ro olpegeieHueM. [IpuBeseM cHavyana
OCHOBHBIE aKThl, CBA3aHHbIE C MOAYJIEM K HeoOXOAUMBIE A/ pelleHUs
ypaBHEHUH.

1. |a|=a, ecn a 2 0; |a| = —a, ecsin a < 0 (onpeaeneHre MOAYIA).

2. |a — b| ecTb paccTosinve MeXAY TOYKaMK d U b YHUCJIOBOM MpSIMOH;
|a| = |la — O| — paccrosaHue MexAy Toukam a U 0 YHUCJIOBOM INpSAMOI;
|a + b] = |a — (—b)| — paccrossHue Mexay Toukamu a U (-b) 4ucioBOH
IpAMOM (reoMeTpHUYeCKHHM CMBICJ MOAYJISA).

3.|—al=|al. a
_ N ey |
4. labl =lallsl; [§] = 5
5. |a|* =a?.
a=b,
6. la|=|b| & [
a=-b.
b=0,
7. lal=b & a=b,
a=-b.
8. |a]+|b| = |a +b|, npuuem |a|+|b]|=|a+b| & ab=0.

OTU CBOWCTBA MO3BOJIAIOT pellaTh caMble pa3Hble M0 YPOBHIO CJIOXKHO-
CTH ypaBHeHUA ¢ MoayneM. OCHOBHBIMM MeTO/laMU DellleHHs TaKUX ypas-
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HEHU ABJIAIOTCA paBHOCWIbHEIE Ipeobpa3oBaHus (cBoiicTBa 6—8) u pac-
KpPHITHE MOZYJA N0 onpejeneHuIo (MeTos IPOMEeXYTKOB, WIH MeTOJ HH-
TepBajIoB). Pexke HCHO/B3yIOT reOMeTPUYECKUH CMBICI MOAY/A U 3aMeHy
nepeMeHHOH.

PagnocunsHbte npeo6pa303aHuﬂ

Tloxainyit, Haubosnee 3¢deKTUBHBIN METO/ pellleHUs ypaBHEeHHI ¢ Mo-
AyJieM OCHOBAaH Ha IpMMEHEHNH PaBHOCWIbHEIX NMpeobpasoBaHuii. OfHO
M3 HUX CBAI3aHO CO CJEJYIOLINM yTBepXKAeHHeM: ecau obe wacmu ypas-
HeHUS HeompuuameibHbl HA HEKOMOPOM MHOXcecmae, Mo 8038e0eHUE 8
keadpam obeux uacmeil makoz0 ypasHeHUs He Npugodum Hu K nomepe,
HU K npuobpemeHuio pewieHUll HA 3MOM MHOXCECMEe, MO ecMb ABNSIEMCA
pasHocwIbHbIM npeobpasosanuem. Tak, ewd g(x) < 0, To ypaBHeHHe
[f(x)| = g(x) He UMeeT peLieHMii, a B MPOTUBHOM CJIyYae BO3BEAEHHE
B KBaJpar o0eux yacTeil TAKOro ypaBHEHUA SBJSETCA PaBHOCIIBHBIM
npeo6pa3oBaHreM. [loaToMy nonyyaem (HallOMHUM, YTO KBaJpaT MOAYIIA
yyca paBeH KBaApary camoro uucia: |a|? =a?)

IfC)=glx) & g0 20 A g(;)(io’ (x)
= 200y = o2 X) = g,
F=ge f00) = =g,

Aajee ypaBHEHHA HY>KHO PellTUTh, a HepaBeHCTBO [IPOBEPHUTb.
Kaxoit cnoco6 — MeTos NpoMexyTKOB (MHTEPBAJIOB) WIH YKa3aHHOe
npeobpasoBaHHe — BBIOUpATh AJIS pellleHUA TaKHUX ypaBHEHWI, 3aBUCUT
OT Toro, Kakas U3 GyHKUu# f(x) win g(x) numeeT 6onee MpoOCTOH BUJ.
AHa/OTHYHBIM 06pa3oM OGCTOHUT Jesio ¢ ypaBHeHHeM BuAa |p(x)| =
=|q(x)|. 3To ypaBHeHUe B CIIy NPHBEAEHHOIO YTBEP)KACHUs PAaBHOCIIb-
HO ypaBHeHHUIO p%(x) = q%(x), OTKyAa:

p(x) =q(x),
p(x) = —q(x).

3aMeTHM, 4TO IOC/IEHIO COBOKYIIHOCTh MOXKHO MOJYy4YUTh, HE BO3BOJAS
obe yacTi ypaBHeHHs |p(x)|=|q(x)| B kBagpaT, a HenoCpeACTBEHHO U3
CBOWCTB MOZAY/A.

[lpuBeZeHHbIE CXeMBbl pellleHHUA MOXXHO IONYyYUTh M3 «reoMeTpuye-
CKHX» co00paxeHuil. HanoMHUM, YTO MO/AY/Ib pa3HOCTH /IBYX YKCE PaBeH
PaCCTOSTHHMIO MEXJY TOYKAMH YHMCJIOBOM (KOOpPAHWHATHOM) NpPSAMOMH, co-
OTBETCTBYIOIIMMH 3THM 4YucjaM (B 3TOM, COOCTBEHHO, U 3aKIHOYAETCsA
reoMeTPHYECKHI CMBICJI MOAY/IA).



22 § 1. Llesbre paliOHa/IbHBIE YpPaBHEHUS

Peliuth ypaBHeHHUe |x — b| = @ — 3HAYUT HAUTH BCE TOUKM X YUCJIOBOM
OCH, PaccTOSIHHE OT KaXAOW U3 KOTOPHIX A0 uucia b paBHO a. [loHATHO,
yro ecima >0, 0 x=b=xa, ectn a=0, To x=>, ecsiu a <0, To pelieHUH
HeT. PemeHue ypaBHeHus |f(x)|=a npu a >0 CBOAUTCA K PacCMOTpPEH-
HOMY CJy4aio Iocje 3aMeHbl epeMeHHOH f(x) =t. [Ipu pelleHUH KOH-
KPEeTHBIX IIPUMEPOB TaKyto 3aMeHy MOXHO He JIeJIaTh ¥ Cpa3y NepexoiuTh
K ypaBHeHUAM f(x) =a; f(x)=—a.

CXOIHO C PacCMOTPEHHBIM M pellieHHe ypaBHeHus |f (x)| = g(x). deli-
CTBUTEJIBHO, eciu g(x) < 0, To ypaBHeHHe He HMeeT pelleHHH B CUIy
HeOTPULIATebHOCTU MOAYJs; ecu g(x) = 0, monyvaeM, uTo

fx)=g(x) mubo f(x)=—g(x).

Takum o6paszom,

glx) =0,
If0)=glx) & fx) =g,
fO) = —glx).

KpoMme Toro, nosesHo o6paTuTh BHUMaHKe Ha CJeylollHe CBOMCTBA
MOZIYJIfl, HEITOCPE/ICTBEHHO CIEAYIOIIME U3 er0 OIpeeIeRUs:
fI=fx) & f) =0,
lfGl=-f(x) < fx)<o.
[NepeiizeM K peleHHIO IPHMEPOB, HAYaB C 3aia4H 2 9acTH | BBOHOI
ZMarHOCTHYEeCKO# paGoThI.
[pumep 1. Pemure ypapHenue |x2 — 9|+ |x+3|=x>+x—6.

Pemrenne. 3amMeTHM, 4YTO JaHHOE YPaBHEHHE MPEACTaBIACT cobom
YpaBHEHHE BHA

0
0

VWV

a
la|]+|b]| =a+b & {b
B naHHOM ciydae

a=x*-9, b=x+3, a+b=x*+x-6,

) x=3,
x“—=920,
OTKyZa Y, 3HAYUT, X < —3, PeleHUsIMH CUCTEMBI SABJIA-
x+3=20,
xz-3.

FOTCSA Yucio —3 U siyy [3; ).
Omeem: —3; [3; +x).
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Ilpumep 2. Pemmrte ypasHenue |x°+x—1|=x+1.
PeimneHue. JlaHHOe ypaBHEeHHe PaBHOCWIBHO CHCTEeMe

x+120, xz -1,
x3+x—1=x+l, OTKyZa x = %/5,
x3+x—1=—x—1, x(x?+2)=0.

o 3
PellleHHAMH TOCIeAHe t CHCTeMbI ABAIOTCA yucaa 0 U V2.

Omeem: 0; /2.

Mpumep 3. Pewre ypaBHeHue ||3 — 2x| — 1| =2|x|.

Pewrenne. IlockonbKy o6e 4acTH ypaBHEHHS HEOTPHLATENbHBI, BO3-
BejleHNe UX B KBaJpaT ABAAETCA PaBHOCHIbHBIM ITpeobpasoBanueM. [Ipu-
MEHUM 3TO npeobpasoBaHMe, YYUTHIBas, YTO KBaJpaT MOAY/IA YHC/IA
paBeH KBajpary atoro umcna: (|3 — 2x| — 1)? = 4x2. PackpoeM CKOGKH:
(3—2x)%—2|3—2x|+1=4x?, orkyaa 9 — 12x+4x* — 2|3 — 2x|+ 1=4x2,
H, 3Ha4uT, |3 — 2x| =5 — 6x. [lepeiiieM K paBHOCHILHOM cUCTEME

5-6x20, x$%,

3—-2x = -5+6x,

3-2x=5-6x, OTKyZa x =0,5,
[x =1.

HepaBeHCTBy CHCTeMBI yZI0BIeTBOPSeT ToAbko x =0,5.
Omeem: 0,5.

Memod npomexcymkoe (uHmepsanos)

OpHHMM U3 Haubosiee U3BECTHBIX METO/JIOB pellieHHs] ypaBHEHUH ¢ Mo-
ZyleM SIBJISIETCS MeToJ NMPOMEXYTKOB (MHTepBasioB). CyTb MeToza 3a-
KiIK4yaeTcs B ciaeaylouieM. YucioBas ock (B 3TOM Maparpage paccMar-
PHBAIOTCA TOJBLKO liejible YpaBHEHHWA, MO3TOMY HHKAaKHe OrpaHUYeHMs
Ha IepeMeHHYI0 He BBOJATCS) pa3buBaeTcs HAa HECKOJIbKO MHTEpBajOB
TOYKaMH, B KOTOPBIX BEIp&XKEHUA, CO/lepKallliie HEU3BECTHYIO 110/ 3HAKOM
Mozysisi, obpaujaloTcss B Hyib. Ha i060M U3 3TUX HHTEpBAJOB J060e
U3 TaKUWX BbIp@XeHUH olNpeJesieHO U He PaBHO HY/IO, CJIeJOBATENbHO,
OHO TNPHUHHMAET TOJBKO IMOJOXKUTENbHBIE WIH TOJAbBKO OTpHLATEIbHbIE
3HaveHust (KaKve MMEHHO, MOXXHO OIpeJeNUTh, BhiOpaB jroboe 3Haye-
HUe U3 pacCMaTpUBaeMOro [POMEXYTKa U ONpeAenuB 3HAK BhIpaXKEHHs
IIPH 3TOM 3HAayeHHUH). [T03TOMY B 3aBUCHMOCTH OT MPOMEXKYTKA MOAY/Ib
Ka)XJOT0 U3 TaKUX BbIpaXXEHUN «PaCKPHIBAETCSA» JUO0 CO 3HAKOM «ILITIOC»,
au60 cO 3HAKOM «MHHYC». 3aTeM Ha KaKJOM IPOMEXYTKe HaXOAUTCS



24 § 1. Llesibie paliMOHaNbHEIE YPaBHEHUS

pelleHHe JaHHOTO YPaBHEHHs, Y)Ke He Cofep)Kalllero 3HaKOB MOZAYJA.
[Nocnepuunit mar — o6beANHEHUE HAWAEHHBIX pelleHHH. 3aMeTUM, YTO
pellaTh HepaBeHCTBAa BOBCe He 06A3aTeNbHO: JOCTATOYHO HAMTH KODHU
TIOJIyYEHHBIX YpPaBHEHHMH M NPOBEPUTb, KaKWe U3 HHUX YAOBIETBOPAIOT
COOTBETCTBYIOIIEMY HEpaBeHCTBY. DTOT MeETOJ Lielecoo6pa3HO mpuMe-
HATb, B OCHOBHOM, €C/IM ypaBHEHHe COAepXKHUT ABa M Gojee MOAy:,
a BbIp@XEHMs NOJ 3HaKaMM MOZAy/iell SBJAITCA MHOrOWIEHaMM NepBoH
cTeneHd. B GonbuIMHCTBe XXe ciydaeB 6omee 3¢bQeKTHBHBIM sBAAETCA
NIpUMeHeHHe PaBHOCWIBHBIX NIpeobpa3oBaHu.

IIpumep 4. Pemute ypaBHeHHe
2—x|—|x=5|=x+1-|7—-2x]|.

Pemrenue. OmnpefiesiiM NPOMEXYTKH 3HAKOMOCTOSAHCTBA KaXKAOTO U3
BBIDOKEHUI NOZ 3HAKaMU MOAYIIS, AJIS1 HATIAAHOCTH U yao6¢cTBa n3obpa-
3UB UX Ha OZHOU cxeMe (PKMPHBIMM TOYKAMH OTMeYeHbl HYJIH COOTBET-
CTBYIOIIMX BbIpakeHUH). PaccMOTpHUM 4 ciy4das, «pacKpbiBass» MOAYIH CO-
[JIaCHO 3HaKaM B K&XXJOM U3 CTON6IOB.

2-x + - — —
x-=5 — — — +
7 —2x + + — -
2 3,5 5
x =5, x =5,
1) OTKyZAa M, 3HA4YHUT, x = 5.
—24x—x+5=x+1+7-2x, x =75,
2 3,5<x<5, 3,5<x<5,P .
OTKYyJa ellleHUH HeT.
—2xtx—5= x+147-2x, VA y =5,
3 2< x<3,5 2$x<3,5,P .
HET.
—24x+x-5=x+1-7+2x, O 1 x=-1. CHieHui HeT
4 x <2, x <2, 1
o a Y, 3HayuT, x = 1.
2—x+x-5=x+1-7+2x, A x=1,

Omseem: 1; 5.
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3ameHa nepemeHHOU

Elle ofMH METO/ pellieHHs ypaBHEHMH C MOZIy/ieM OCHOBAaH Ha 3aMeHe
nepeMeHHO# U ToxaecTBe |a|?> =a?. Kak yxe oTMevasnoch, 3aiau, B KOTO-
PBIX €ro 11eJ1eco06pa3Ho HCII0Ab30BaTh, HE TAK MHOTO, IPUYEM 4YacTh U3
HUX MOXXHO PELIMTb ¥ APyTHMH CIOCO6aMH.

Ipumep 5. Pemute ypasHenue (x —1)2—3|x—1|—4=0.

Pemenne. CaenaB 3aMeHy nmepeMeHHOI t = |x — 1} (t = 0), nonyuum
KBaZpaTHoe ypaBHeHUe t? — 3t — 4 = 0, eAMHCTBEHHLIM HEOTPHUIIATEb-
HbBIM KODHEM KOTOpOro siB/sieTcs t = 4, otkyza |x — 1| = 4, u, 3Hauwr,
x=-3,x=5.

Omeem: —3; 5.

prweHeHue 2eomempuuecko2o cmbleaa Moayjlﬂ

PaccMOTpuM ypaBHeHue BuAa |x — b| + |x — ¢| =a, npH pelieHUN KOTO-
POro KCMOIb30BaHHE reOMETPHUYECKOTO CMbIC/a MOAYIA JOCTATOYHO 3¢-
bekTuBHO. PelinTh ypaBHeHue |x — b| + |x — ¢| = a — 3HauuT HaiiTu Bce
TOYKH X YHUCJIOBOH OCH, CyMMa pAacCTOSAHHUH OT KaXXJOM M3 KOTOPBIX JO
Toyek b u ¢ paBHa a. Ecii paccrosiHMe Mexay TOUKaMu b U ¢ bosblie q,
TO ypaBHEHHe He HMeeT pelieHWH. B caMoM zeie, eciiv NpeAnooXUTh,
4TO MCKOMas TOYKa MPHUHAAJEKHUT OTPE3KY ¢ KOHIIAMH b U ¢, TO cymMa
PaccTOAHKUM OT TaKO¥ TOYKHM ZI0 KOHL[OB OTpe3Ka oKaxKeTcs 6osblie a (mo-
CKOJILKY /IJIMHA 9TOTO OTpe3Ka Gojbllle a), a AJis 060N TOYKH, Jexalleil
BHE pacCMaTpPUBAEMOr0 OTpe3Ka, CyMMa pacCTOsHUI OyzeT elie Gonblie.
Eciy paccTosHMe MeXJy TOYKaMHu b U ¢ paBHO a, To Jobas Touka OT-
pe3ka ¢ koHuaMu b u ¢ 6yzeT pelieHWeM AaHHOTO ypaBHeHus. Eciu ke
paccTossHHe MeXJY TOUKaMu b U ¢ MeHbLIE a, TO AJiA 0601 TOUKM OTpe3-
Ka C KOHL[aMH b U ¢ cyMMa pacCTOAHMI J0 Todek b u ¢ 6yAeT MeHblle a.
Taxkum o6pa3oM, UCKOMasA TOYKa J0/KHA JIE)KATh BHE OTPE3Ka ¢ KOHIAMHU
b v c. B aToM ciyyae cymMMa pacCTOSIHUM OT MCKOMOM TOYKU 10 TOYEK b U ¢
6yzeT CKiIajbpIBaTbCS U3 JUIMHBI OTPE3Ka C KOHL[AMM b U ¢ ¥ YABOEHHOTO
pacCTOsIHUA OT 3TOW TOYKM 0 GmmKadIIero K Hell KOHLA oTpe3ka. JDTO
paccyKgeHHe H I1o3BoJiAeT HaWTH UCKOMBIE 3HaA4YEHUA HGPEMEHHOﬁ. nPI/I
OCBOEHUM MeToJa pellieHre NMOoAOOGHBIX YpaBHEHHM OCYIUEeCTB/SAeTCs IO0-
YTH MTHOBEHHO. JI/11 3TOr0 HY)KHO M300pa3nuTh YUCJIOBYIO OChb, OTMETHUTh
Ha Heil «KJIIoYeBble» TOYKU b ¥ ¢ U pacCTOsSTHHE MEX/y HUMHU.

Ipumep 6. Pemute ypaBHeHHe |x — 1|+ |x — 7| =24.
Pewenne. /A TOTo 4TOGHI peUINTb ypaBHEHUE, HAMJEM BCe TOYKH

X YUCJIOBOM OCH, CYMMa pacCTOSIHUI OT KaKJOM M3 KOTOPBIX A0 Touek 1
U 7 paBHa 24. [1oHATHO, yTO Ha OTpe3Ke [1; 7] UCKOMBIX TOYeK OBITH He
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MOJKET, MOCKO/IBKY CYMMa PAacCTOAHUH OT JII0O0H TOYKHM OTpe3Ka A0 ero
KOHUOB paBHa JJIMHe OTPe3Ka, T. €. B JaHHOM C/1y4ae paBHa 6. 3HA4YUT, UC-
KOMble TOYKH JIeXKaT BHe oTpe3ka. PacCMOTpUM TOUKY, JieXXallylo IpaBee
TOYKH 7 Ha YUCI0BOK ocu. CyMMa pacCTOAHHM OT 3TOH TOYKHU A0 KOHLIOB
OTpe3ka CKJIaJblBaeTcs U3 JJMHBI OTPe3Ka U yABOEHHOI'0 pacCTOSHUSA OT
3TOH TOYKM Z10 TOUKH 7. TakuM 06pa3oM, 3TO yABOEHHOE PacCTOSIHHE paB-
HO 24 — 6 =18, ¥ ucKoMas TOYKa HaXOJUTCA MpaBee TOYKU 7 Ha 18:2=9
eauHul. CnefoBaTesbHO, epBas U3 HCKOMBIX TOYekK: X = 16. AGCONMIOTHO
aHaJIOTUYHO NOJNy4aeM, 4YTO BTOPAasi UCKOMas TOYKA HAXOAMUTCA Ha YHUCJIO-
BOH ocH jsieBee Touku 1 Ha 9 eauHU. CieJoBaTeNbHO, BTOpOe pelieHue
ypaBHeHUs: x = —8.

Omeem: —8; 16.



Llenble aire6panyeckKre ypaBHeHHA

1. PeminTe ypaBHeHue
a) x2+8=(x+8)?

2. Peminre ypaBHeHUE
a) (x+10)*=x*+100,
3. Pemure ypaBHEHHE
a) x2 —36=(x—6)?,
4. Pemrure ypaBHeHHE
a) (x+9)2=36x,

5. Pemiure ypaBHEHHE
a) Zx=72,

6. Penute ypaBHeHHe

a) (x—17)2=5(x—-17),

7. Peminte ypaBHeHHe

2 ,_.2
a) £x?=6%,

8. Pemme ypaBHeHHe

a) 2x—-5)2=(2x-7)3,

9. Peminre ypaBHeHHe

a) (5x —9)2=(5x—9)3,

10. Peurnte ypaBHeHUE
a) 9x3 =36x,
11. Pemiure ypaBHeHHE

a) (x—2)*(x—3)=4(x—2),

12. Pemrite ypaBHeHHE

6) y2+5=(y +5).

6) (z—11)2=2%+121.

6) y*—196=(y — 14)°.
6) (z—18)2=-72z.

6) gx=sg.

6) (y +21)?=5(y +21).
6) gy2=7§.

6) (3z+4)>=(3z+2)>
6) (5x+6)*=(5x+6)°.

6) 323 =75z2.

6) (x+2)%(x+4)=3(x+2).

a) (x—2)(x=3)(x—4)=(x—2)(x—3)(x—5),
6) (x+8)(x—2)(x+7)=(x+8)(x—-2)(x—-3).

13. Peinte ypaBHEeHHE
a) (x+8)>=36(x+8),
14. Pewmnte ypaBHEHHE

a) Bx+2)*=Bx+4)4,

15. Pemnte ypaBHeHHE

6) (y —1)*=25(y - 1).

6) (4y —1®=(4y +9)°.

a) 2x—3)2(x-3)=(2x—3)(x—3)?,
6) 5y +9)*(y+9) =05y +9y+9N2

16. Pemute ypaBHeHUE
a) x*—5x*+4=0,

6) y*—20y?+64=0.
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17. Pemvre ypaBHeHHE

a) x%= (5x—4)3, 6) y!=(2y +15)°.
18. Pemirte ypaBHeHHE

a) |5x—7|=7->5x, 6) |7y +3|=—-3-7y.
19. Pemnte ypaBHeHHe

a) [2x —3|=3x -2, 6) |7x+9|=9x+7.
20. Pewrnte ypaBHeHUe

a) |x*>—3|=|x?-5|, 6) |22 +2| =122 —4].

21. YpaBHeHHe

a) (x—2)(x>—4x+3)=(x—3)(x*—3x+2),

6) (x —6)(x*—2x —8) = (x+2) (x2 - 10x + 24)
1) He umeeT kopHeH; 2) uMeeT 1 KOopeHb; 3) UMeeT 2 pa3IMYHLIX KOPHS;
4) uMeeT 3 pa3MYHBIX KOPH:A; 5) UMeeT GECKOHEYHO MHOIO KOopHeill. Yka-
KUTEe HOMEDP UCTHUHHOI'O YTBEePXXAEeHMUS.

22. Kakvie U3 ypaBHeHHUH He UMEIOT NIOIOKUTENbHBIX KODHEH:

a) 1) x2—2009x —3=0; 2) x> —3x+2009=0;
3) x2 —=2009x + 3=0; 4) x2 —3x —2009=0?
6) 1) x2—2007x —9=0; 2) x2 = 9x+2007=0;
3) x2 —2007x+9=0; 4) x%2 —9x —2007=0?

23. YKkaxuTe HoOMepa TeX ypaBHEHUH, KOTOPble He UMEeIOT OTpUllaTe/b-
HBIX KOpHei:

a) 1) x>—10x+30=0; 2) x*—9x+11=0;
3) x> —7x?-5=0; 4) x> —5x—29=0.
6) 1) x2—10x +29=0; 2) x*—9x+9=0;
3) x°—7x?-4=0; 4) x> - 5x—28=0.
24. Kakye u3 yTBep>XJeHUH O KOPHAX ypaBHEHHUA
a) x> —1935x% - 1539=0, 6) x3 —9345x% —9543=0

HCTHHHBL: 1) ypaBHEHHe KMMeeT 10 KpaiiHeil Mepe OAUH OTpHIATENbHbIN
KOpeHb; 2) ypaBHeHHe UMeeT He MeHee ABYX OTpHULATeNbHBIX KOPHEM;
3) ypaBHeHHUe He UMeeT OTPULIATENbHBIX KOpHel; 4) Bce KOPHH ypaBHe-
HUS OTPULIATEJIBHBI?

25. Kakue 13 yTBep)XJeHUI1 O KODHAX YpaBHEHUA

a) x*—5x*—-2011=0, 6) x®—3x>-1617=0
HCTHHHBIL!
1) ozuH U3 KOpHeH ypaBHEHMs — YeTHOe YHCIIO; 2) OAUH U3 KOpHel ypas-
HeHMsA — HeueTHOe YUCJIOo; 3) ypaBHEHUEe He MMeeT HY YeTHBIX, HU HeveT-
HBIX KOpHel; 4) ypaBHeHHe HMeeT [0 KpaiiHeil Mepe OAMH YeTHBIN U OAUH
HeYeTHHIH KOPHU?



TpeHupoBo4Has paboTa 1

PemnTe ypaBHeHUe.

L2 =x)2—18(x%—x—2)+36=0.

. (x+2)(x+4)(x+6)(x+8) =105.

. (x? +x+16)(x? — 20x + 16) + 54x2=0.
. 4x2(2x+1)% — 2x(4x? - 1) =30(2x — 12
. x*—4x®+6x?—4x+1=0.

. (x=5)1%+(2x-9)°=0.

. 3x3—13x2+13x—3=0.

x* =4 +4xt - 64=0.
.3x3—-2x%-12x+8=0.

10. x” +7x—-8=0.

11. (x* - 8x?+18)* + (x2 +4x +7)2=13.

o 0 N & U AW e

12. HaiiauTe Bce maphl (x; y) 4uces x U Yy, AJd K&KA0H U3 KOTOPHIX
x2+2xy+2y?—10x— 14y +29=0.



TpeHupoBouHas pabora 2

Pemute YpaBHEHHE.

1. |5x — 3|+ |3x — 5/ =9x — 10.
2. |2x — 1| —|3x — 2| — |4x — 3|+ 11 =10x.
3. |x2—6x+1|=x%-09.

4. |x3+5x —4|=5x+4.
5.2(x—3)>-5|x-3|+2=0.
6.5(2x—1)2-7|2x —1|-6=0.

7. 1115x — 1| = 2| = 3| =4.

8. |x?—10|=|x?—22|.

9. |x* —x = 5|+ |x* —x—9|=10.

10. |x? 4 3x — 4| + |x? + 3x — 28| =24.

11. |x2 = 16|+ |x + 4| =x%+x — 12.

12. [x? 4 x — 20| + |x% — 11x — 28| =2|x? — 5x — 24].



§ 2. Ipo6HO-panOHAIbHBIE YDABHEHHA

OToT maparpa¢ MOCBslleH pal[MOHaJIbHBIM ypaBHeHusM. [lockonbky
LieJible YpaBHEHUA TOXKE ABJIAIOTCA pauMOHAIbHBIMM, TO 4acTO, YTOObI He
BO3HHKJIO NyTaHHIIbI, BMECTO CJIOBOCOUETAHHA «pallUOHANbHbIE YpaBHe-
HUSI» UCIIONB3YIOT CJIOBOCOYETaHue «ApoOHO-palOHaNbHbIE YPaBHEHUS».
M=l GyzeM Hcnonb30BaTh 06a ciioBocoveTaHua. OCHOBHas ujes pemeHus
Jo6oro BooOle, B TOM YHUCIE U APOOHO-pallMOHANBHOrO, YPaBHEHU —
CBeZIéHHe ero K OAHOMY WIM HECKOMbKUM NpocTedium. HamoMHUM, 4TO
A ApoOHO-pPallMOHANBHBIX YPaBHEHHMH HOZ MPOCTEHIINMHI NOHUMAIOTCS

ypaBHEeHHUA BuUZa % =0, rae f(x) u g(x) — MHOTOWIEHbl NEPBOH WIH

BTOpPOH CTeNeHH. ITU ypaBHEHHA pelllaloTcsA ¢ MOMOIIBIO YCJIOBUA paBeH-
cTBa anrebpanyeckoit Apo6u Hyiio: Apobb paBHa HYJO, eCIH ee YHUCIH-
TeJIb paBeH HYJIO, a 3HaMeHaTe/b UMEET CMBIC] U He o6palaeTcs B Hylb.

PelieHve MHOrMX palMOHAJBHBIX YpaBHEHHUU OCHOBAaHO Ha yZAayHOH
TPYNIMPOBKE U NMOCIEAYIOUIEM NpHUBEAEHUM CIPYIIIUPOBAaHHBIX cJjarae-
MBIX K ofOlUleMy 3HaMeHaTes0. B 6omee NpOCTBIX CIy4asx IPyNIKPOBKa
He TpebyeTcs, a UHOrZa ypaBHEHHE MOXXHO YHPOCTHUTb, BBeJSA HOBYIO
nepemeHHy10. [Ipu peilleHUH pallMOHAIBHBIX ypaBHEHHUH BO3HUKaeT onac-
HOCTb NOJly4eHHsI IOCTOPOHHUX pellleHUi, To3ToMy 6O ciiefyeT AenaTh
IpOBepKy, A100 yka3biBaThb HeobGXoAvMble OTpaHUYEHMA W CJIEJUTh 3a
UX BBINOJHEHHEM B XoAe pellleHus. PazymeeTcs, IpH pellleHHMM palMo-
HaJbHBIX YDaBHEHMH HMCHONb3YIOTCA M Takue oOOIlue MeTOABI PelleHHs
ypaBHEHMH, KaK 3aMeHa IlepeMeHHOMH, Pas3/oKeHHEe Ha MHOXHTENH, UC-
N0/Ib30BaHHe CBOMCTB MOHOTOHHOCTH ¥ OTPaHH4Y€HHOCTU QYHKIMH U T. 1.

1. Anrebpanyeckue npeob6pa3soBaHusA

OAHMM M3 OCHOBHBIX CIIOCOOOB CBeJE€HUA YPaBHEHUA K OAHOMY WIH
HECKOJIbKUM IIPOCTEHIINM fBAAIOTCA aarebpauyeckue mpeobpa3oBaHUA
OAHOM WIN 06eHX ero yacTeii, MO3BOJAONINE CBECTH APOGHO-paLOHAb-
HOe ypaBHEHMe K LleJIoMy. B HEeKOTOpHIX Ciy4asix s pelleHHs paluo-
HaJIbHbIX YpaBHEHMWI NPHUXOAUTCS MPHMEHATh UCKYCCTBEHHbBIE NPHUEMBI:
A’OGaBJIEHl/Ie W BBIYUTAaHHE OAHOTO U TOI'O XXe YudJjia M T. I1.

Ycnosue pasercmea opobu Hyo

B xauecTBe nepBoro npuMepa pacCMOTPHUM pellleHHe ypaBHeHUs 3 ya-
ctH | BBOAHON AHAarHOCTHYeCKO# paboThL

IIpumep 1. Pemure ypaBHeHHe

x"—4x*+4x* —7x—2 _
x7—4x54+3x2-4x -4




32 § 2. JlpobHO-palioHaTbHbIE YPaBHEHUA

Peuienue. /Ipo6b paBHa HYJIO, CTH ee YUCIUTENb PABEH HYIIO, a 3Ha-
MEHaTe/b UMEET CMBICI W He obpainaeTcsa B Hy/b. [lepeiigeM k cooTBer-
CTBYIOILEM CUCTEME:

x"—4x®+4x*—7x -2
X7 —4x54+3x?—4x -4
x'—4x° +4x* —7x -2 = x" —4x° + 3x% — 4x — 4,
= 7 5 2

X' =4x>+3x“—4x—-4#0

x?—3x+2=0,
A 7 5 2

x'—=4x°>+3x"—4x -4 #0.

=1 &<

=

Kopusamu ypaBHenus x? — 3x +2 =0 ssasoTcs x =1 u x =2. C momo-
IBIO TIPOBEPKU YCTaHAB/IMBAEM, YTO HepaBeHCTBY x’ — 4x° + 3x2 — 4x —
— 470 yOOBNETBOPSAET TOJNLKO X = 1.

Omeem: 1.

PasHocunbHble npeobpazosarus

B xayecTBe nepsoro npumepa pacCMOTPHM pellieHHe ypaBHeHUs 4

yacTH | BBOAHON JuarHocTHyeckol paboThl.
2 xX=5 _ 1

Foax—3 -1 @ —4xt3’

PeuieHue. Pa3noxMM KBajpaTHble TPeXWIeHbl B 3HaMeHaTelfAX Apo-
6eil Ha MHOXuUTenu. KopHamu ypaBHeHus x? — 2x — 3 = 0 spjAoTCA
x =—1 u x=3. CnegoBaTe/bHO, [0 TEOpEME O Pa3J0XKeHHH KBaJpaTHOro
TpexwieHa Ha MHOXUTENH MOJydYaeM, UTO x2—2x-3=(x+1)(x-3).
Mo ¢opmyne pasHoctu kBagpaToB x2 — 1= (x — 1)(x + 1). KopHsamu
ypaBHeHus x? — 4x + 3 =0 apasroTca x =1 u x = 3. C1e10BaTeILHO, MO
TeOpeMe O pas3joKeHUH KBaJAPaTHOIO TpeXwieHa Ha MHOXUTEIN

x*—4x+3=(x-1)(x-3).
Ter[epb y'paBHEHIde MO>XHO nepenncaTb B BUJe
2 n x—5 _ 1
x+Dx=3) " x-Dx+1) ~ x-Dx-3)
HepeHeceM BCe cjiaraeMbie B JICBYIO 4acTb U HpIdBe,LIeM HX K 061118My
3HaMeHaTeJlo.

2 xX=5 _ 1
GIDE—3) T G-Da+D - =D& =3)
2(x—-1)+(x-5)x-3)-(x+1) -0
(x+Dx=3)(x—-1) :

[MIpumep 2. Peumivte ypaBHeHUe

(==
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PackpoeM cko6GKH B UHCIIHTeENIE, IPUBEJEM IOA0OHbIE ¥ BOCIIONb3yeMCs
yc/oBHeM obpaieHus Apo6H B HY/b:

21D+ (x=5)(x—-3)-(x+1)
(x+Dx-3)(x-1)
2x—2+x*—3x—-5x+15—-x—1

=O<=>

= DX =-3)x-1 =0=
R x?2—7x+412 -0 x?-7x+12=0,
G+FDEx-DNe -1 (c—Dx+1)(x—3) #0.

KopHsamu ypasHeHust x2 — 7x + 12 =0 apnaiores x =3 u x = 4. Hepa-
BEHCTBY CHCTEMbI YZAOBJIETBOPAET TONBKO X = 4.

Omegem: x=4.

Ilepexo0 k ypagHeHuto-credcmeuio

IIpumep 3. Penivite ypaBHeHHE —11— =4x.

1- —
1-x2
Pemrenue. B JaHHOM ciydyae Hellelecoo6pasHO TPaTUTb BpeMs Ha
BBEIMMCHIBaHKE YCJIOBUH CylLlleCTBOBaHUA JIeBOH YacTH ypaBHeHMA. [Ipoiue
npeobpa3oBarh ee, HAUTH KOPHM M BHIIOJHUThL MPOBEPKY. BHIMOIHUM
npeo6pa3oBaHusA J€BOit YaCTH ypaBHEHHUA:

1 _ 1 _ 1 _
1 - 1 - 1 -
1- - 1+
_ 1 1—-x2-1 x?
1-x? 1-x? 1-x?
-1 _ 1 =1 _,
- 1 1-—x2 x2+1-x2 1 )
+ x? x? x?

INepeiizeM K ypaBHEHHIO-CIEACTBHIO: X2 = 4x, oTKyAa x> — 4x =0,
x(x —4) =0, u, 3Ha4uT, x =0 anbo x =4. [IpoBepkoil ybexaaeMcs, 4To
KOpeHb x =0 sBJIeTCA HOCTOPOHHUM (1pHU X = () JieBasi YaCTh YpaBHEHUA
He onpeAesieHa).

Omeem: x=4.

Paznoncerue Ha MHoMCUmMenu

x2

x—4

+2- 5%~ 43=0.
7o

IIpumep 4. Pemute ypaBHEHHE 2

3 VNARHAHUA U CUCTAMKI VDARHEHUA



34 § 2. JIpo6HO-pallHOHaNIbHblEe YpaBHEHUSA

Pemienue. [leperpynnupyeM ciaraemsle, IpeACTaBUB 3 B B CYMMBI
1+ 2, ¥ CI0KUM MTEepBYIO ,le06b c 1, a BTopyto —c 2:

2

+2—O =

7 t2 a7t 3=0
x2 +x 4 _ 2+x—4 2+x—4_
= +2( )_0@ txdixtxzdog
Brinecem 3a C}co6xy 06mpm MHOXHTeNb U NpUBeJeM Jpobu B ckoOKax
K 00lLleMy 3HaMeHaTeo:

X —

x’+x—4 X*+x—4 _ 2 1 2 _
v—a T2 =4 =0 & (x +x—4)(x x——2_4) =0 &
= (x2—+-x—4)(;1— 22_4)=0 =
- 2x—8
(=" (X2+X—4)'%_%3 =0 &
(P4 x - +2x-12) _
x-4x*-4) e

Bocmonb3yeMest ycioBueM obpaliieHus Apobu B Hyb:

P+ x—4)(x?+2x-12)

x-4)(x2—4) =0

x“+x—4=0,
{(x2+x—4)(x2+2x—12)=0, [
(=1

(- 2) (2 — ) £ 0 x?4+2x-12=0,
X — X —
(x—4)(x*—4) #0.

-1-v17

KopHsaAMH ypaBHeHUs x?+ x — 4 =0 apnA0TCA X = —  HX=

1+~/—

HX= —1 + v13. HepaBeHCTBY CUCTEMEI YZOBIETBODAIOT BCE 4YeThIpe
KOPHSA.

Omeem: _1;F, _1_‘_2‘/_ —-4/13; -1+ V1

KopHﬂMH ypaBHeHus x2+2x —12=0 apnsworca x=—1—+13

2. 3aMeHa nepeMeHHOM

Cegenye po6GHO-paOHAIBHOTO YpaBHEHHUA K OAHOMY WIM HECKO/Ib-
KUM IPOCTEHLINM C TOMOUIbIO 3aMeHbl IepeMeHHO ABAETCA OJHHUM H3
caMbIX paclpOCTPaHEHHBIX CHOCOGOB UX pellieHHs. 34ech, KaK U B cIydae
L|eJIBIX YPaBHEHHWH, IPUXOJUTCA UMETh AeJIo ¢ CAMBIMH pa3HbIMM THIIAMH
ypaBHEHUH: TpeXWIeHHbIMH, OJHOPOAHBIMH H T. II.
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2x 2
Ilpumep 1. PemnTte ypaBHeHUe (x—d-_l) +35 (x 1 ) —-36=0.

2
Pewmenne. IlycTb (%) =t. Torga t > 0 u ypaBHeHHe IPUMET BUJ,

t? 4 5t — 36 = 0. KopHAMM MOC/IeHEr0 YPaBHEHHs ABJIAIOTCA YMCIa t = —9
U t =4, U3 KOTOPEIX TOJBKO IIOC/I€IHEE YAOBIETBOPSET YCIOBHIO t = 0.

2
Urtak, t =4. CaesiaeM obpaTHyI0 3aMeHy: (;2_-:_(—1) =4, OTKyja x2+l 2,

aubo —2+—1 = —2. YpaBHeHHe 2+1 =2 KOpHell He UMeeT, a €JUHCTBEH-
2x
HbIM KOPHEM YpaBHEHHUA [~ = —2 gsnsetcda x = —0,5.

Omeem: —0,5.

IlpuMep 2. PemuTte ypaBHeHHE x22+ 3x+2 X =
x2—x+2  x?—-2x+2
Pemenne. 1. [IpoBepka mokasbiBaeT, YTo yucio x =0 ABIAETCA KOp-
HeM ypaBHEHUS.
2. lycts x # 0. Pazgenum uncinresb U 3HaMeHaTesIb Kaxioi gpobu

x+3+ % 1
Ha X. YpaBHeHHe NPUMET BHA: 5 T 5 =1 O603HayuM:
x—-1+ o X— 2+ =
z+5 , 1

Z2=X + = — 2. [lomyyuM ypaBHeHUe +3= =1. I'IepeHeceM Bce cJiara-

z+1
eMEle B JIEBYIO YacTh YpaBHEHUs, IIpPUBEIEM nx K 00l111eMy 3HaMeHaTeJo,

BBHIIOJIHUM HeoOXoAuMEIe Tpeobpa3oBaHus U pelliM ypaBHeHHE:

z+5 1 _ (z+5)z z+1  z(z+1) _
z+1 + l = (z+1)z+z(z+1) z(z+1) =0 <
z22+5z+2+1—22—3 _ 52+1 _ _ 1
And 2G+1) =0 e =0 2="5
BepHeMcs K npexxHell mepeMeHHOMH:
x+2-2=-% o x+2-2=0 o sx®-9x+10=0.

JMCKDUMUHAHT ypaBHeHUsA 5x2 — 9x + 10 =0 MeHbIlIe HyJs, I03TOMY
ypaBHeHHe He MMeeT HH OAHOro KopHA. Mrak, HM oHO YUcIo x # 0 He
ABJIAETCA KOPHEM ypaBHEHMA.

Omeem: 0.
IIpumep 3. PemnTe ypaBHeHHE

G5

il
e

G2
x+1
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Pemenne. 1. Yucio x =3 He HBJIHETCH KOpHeM ypaBHEHUS.
2. ITycTb x # 3. O6o3Hauum @ = —= , b=— HonquM ypaBHEHHe

a? + 14ab — 15b% = 0. Hocxonbxy x # 3, To b ;é 0. B cuny Toro, uto
b # 0, MOXHO paszenuth obe yacTH ypasHeHus a’ + 14ab — 15b% =0

Ha b?: (%) + 14 . % — 15 =0. O603Hauus z = %, MONyYUM ypaBHEHHe

z=1
24+14z-15=0 : ’
z°+ 14z » KOpDHHM KOTOpOTI'o 2= —15.
(x+3)(x+1) -1
3. BepHeMcsA k nepeMeHHON Xx: Ce=Dx=3) =
$oeP P e
(x-D(x-3) " :
(x+3)(x+1) .
Pelinm ypaBHeHUe m—l.
O+ x?+4x+3=x>—4x+3, o
C-DGx-3) (x—1)(x—3) #£0 *=
(x+3)(x+1) .
Pewuum YPaBHEHHE m——ls.
R )€ LD VNN x?+4x+3 = —15x> +60x — 45,
(x—=1)(x-3) (x—1D(x-3)#0
2x2—7x+6 =0, x = %,
=
(x-1D(x-3)#0 x=2.
Omeem: O, 2,
2 4x*  _
IIpumep 4. Pemute ypaBHeHHE X“ + ot 2)2 =5.

Pewrenue. JleBas yacTb ypaBHeHMs npejcTasifeT coboit cyMMy KBaj-
2x

T [Tompo6yeM JOTNONHUTH 3Ty CYMMy A0 KBajpaTa

Pa3HOCTH, BBIUTA U3 Hee U J0OABUB K Hei (UTOOBI BRIpaXeHHe He h3Me-

paToB YUCET X H

2
HWIOCB) YABOEHHOE [IpOU3BeJeHHe 3TUX yucen 2x - Honylmm

2o, 2X 4x? 2x
X< —2x x+2+( +2)2+2x Y12

=5.

Hasee, (x—- 2—x) +2x

) =5, oTKyaa

x+2

x24+2x —2x
( x+2 ) +4

x2

x+2

=35,
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H, CIef0BaTeNbHO,
xz 2 x2 _
(x+2) +4- x+2 —-5=0.

Tenepp MOXHO czenaThb 3aMeHy IepeMeHHO#H. ITycTh

x2

x+2

=t. To-

2
raa t?+4t—5=0, oTkyaa t =1 sm6o t =5. Ecmu t =1, TO ﬁzl,

1 x2 — x — 2=0. KopHAMH TOC/TIeHEro ypaBHeHUs ABIAIOTCA X = —1
2
ux=2, Ecumm t=-5, o x’ﬁ:—s, U x2+5x+10=0. [Tony4yeHHoe

ypaBHEHHE He UMeeT KOpHel B CHy OTPULATeIbHOCTH JUCKPUMHHAHTA.
Omeem: —1; 2.

3. IIpuMeHeHUe CBOMCTB PYHKIIUI

PaccMOTpUM npuMepHl NpHUMEHEHHsI CBOHCTB QYHKUHMH K pelIeHHIO
ApO6HO-pallMOHANBLHBIX YPaBHEHUH.

Ipumep 1. Pewnte ypaBHenue x’ + 2x = %

Pemenne. Ha xaxzoM u3 npoMexyTKoB (—o; 0) u (0; +) dyHkuua
f(x)=x7+ 2x Bo3pacTaeT (kak cymMMa BO3pacTalolux GyHKLHMIT), a GyHK-
nus g(x) = ?—f yOBIBaeT. 3HaUUT, HAa KOKJOM U3 3THUX IPOMEXYTKOB YpaB-
Henue f(x) = g(x) uMeer He 6osee oanoro KopHs. [Tockonbky f (1) =g(1),
[oJly4aeM, 4To x = 1 — eAMHCTBEHHbBIN KOpeHb Ha MpoMexyTke (0; +).
IMockonbky f(—1) = g(—1), nonydaem, 4T0 X = —1 — €IUHCTBEHHBIN KO-
PEeHb Ha MPOMeXyTKe (—; 0).

Omegem: —1; 1.

Ilpumep 2. Pemute ypaBHeHHE

1 + 2 + 3 _
(2=2x)2+1 " (x—2)2+2 ' (x2—3x+2)2+3

3.

Pemenne. 3 HepaBeHcTB (x2 —2x)2+121, (x—2)24+2>2u (x2—
—3x+2)?+3 > 3 creayer, 4To KaxkAasA U3 Tpex Apobeii JeBoil yacTh He
6ospie 1. [To3TOMy X CyMMa PaBHATBCA 3 MOXKET TOJIBKO B CIy4ae, Koraa
Ka)xJasd M3 HUX paBHa 1, T.e. ecyin

(x2-2x)%+1=1,
(x—2)°2+2=2,
(x?2=3x+2)2+3=23.
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EAMHCTBEHHBIM KOPHEM BTOPOI'0 ypaBHE€HHA CHUCTEMBI ABJAETCA X = 2.
ITO YMCJIO0, KaK JIETKO IIPOBEPHUTD, ABIAETCA KOPHEM II€EPBOT'O U TPEThEro
YPAaBHEHHUA CHCTEMBI.

Omeem: 2.
IMpumep 3. Haliaure xopuu ypaBHeHusa f(x) =2, e x #0 u

3fe0+£(3)=8x.

Pemienne. 3aMeHUB X Ha ;15 B paBeHcTBe 3f(x) + f (%) = 8x, mo-
Jyaum 3 f(%) + f(x) = % YMHOXUB 00e yacT¥ JaHHOTO pPaBeHCTBA
3f(x) + f(%) = 8x Ha 4YMCI0 3 W BHIYTA M3 IOJIYYEHHOTO PaBEHCTBA
MMOWIEHHO paBeHCTBO 3f (%) + f(x) = g, HaxoguM: 8f(x) = 24x — g,

orkyaa f(x)=3x-— % Tenepp ocranock peminTh ypaBHeHHe 3X — ch= 2,
oTkyza 3x? — 2x — 1 = 0. KopHsaMM NoOC/IefHEro ypaBHEHUs ABIAIOTCH

1
ypuciaa x=-3 Hx=1.

Omeem: -1 1.

3’



A )

Jpo6GHO-panoHa/IbHbIe yPaBHEHUS

PeunTte ypaBHeHue.

la)2=2, 6) o =2
2.a)x2=)§::24, 6)x2+2x—25=x:(—:?.
3.) x-S+ N=12, 6 (y-Ny-H=1=.
4.2) 5 - 2 -30=0, 6) 5 +25 —8=0.

5. a) "2;3"3‘3=x2—5, 6) Zz—;f%*—%zz—sz.
S

- )xx—zz___%, 6) x;s xs-i;cs

8.2) 4x+ =213 6) 52— 2= 2222

9.a) xx—26=x3—66’ 6) zj—8=£i-_4§‘

10.2) 355 =55p 6 57 =76

11. a);%=0, 5)2215—’21_6=o.

12. ) E=2 D0+ o, 6 o= 4)(_3’9;532? 2 _o.
13,0 $220D_ 2 5 DEROID 20
14, a) X=8x —49) 83(1‘;" 9 _ 15, 5) XEG —20) 5)2(4’:25_ 20) _s,
SR = TGE T T
16. a) "1‘_55"2 =25, 6) yiy"_%"— 9.

17. a) x2+4x=’;2_:24, 6) y? Sy-y -‘;9.

18. ) x2=¥=5, 6) z2=ﬂ2§—i§;43

19.0) 25— 5, e
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w0 (=5) - (555) o (35) - (%)

|7x-5] ISy+8 _
2l.a) 75 =L ®) 5y¥s =1
[(x—5)(x—2)| [(y =3}y + 1)
22.2) XA g) WO+
R P S T
x+4 x+9
23.2) | X2d|=x+4, 6) | X2 =x+9.
- +16 -1
24. 2) Ix+12]  |x—12 6) ly+16] _ly—11]

x+12 ~ x—127 y+16 = y-11"~
25. YkaxxuTe HOMepa TexX ypaBHEHUH, KOTOpble He UMEIOT IO
TeJbHBIX KOpHeM:

2x—7
anXtoy, 2 F=l=1;
10 5x .. 5x2+29x+7 _
3 5—3x =% DT %
4x—12
o)t = 2 B2y
24 Ox _ .. 8x*+71x+12 _
3 g = D i




TpenupoBouHas pa6ora 3

Pemure ypaBHeHMe.

2 x—4 _ 1
1'xz—4+x2+2x_x2—2x'
2 5x? + 2x*  _ 4x*-9x
*x2-1 " x2-2x-3 x2—4x+3’
3 1 18 18
" x242x—-3  x2+2x+2 x24+2x+1°
4.1;1=9x.
5. %+ X 42-0
‘x2-6  x-—6 -

1 2 3 6
6’x—l-i-x—z_’-x—B'—x+6'

7. (=X )4—8(;% * _9=0.

x+2
8 xX*+3x+2 X =1
Cx2—x42  x2-2x4+2"

x—4)? x2-16 , (x+ )2_
9. (353) -2 520+ (2E) o
10. x*+3x=2,

1 3 5 _

1. (x2+3x)2+1 + (x+3)2+1 + (x24+2x-3)2+1 =9

12. HaiiguTe xopHM ypaBHeHud f(x) =1, ecmn x#0 u

feo+2f(1) =ax.
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OcHoBHas Wes pelleHUA UPPaUKXOHAIBHOTO YpaBHEHUA — OCBOGOX-
ZleHre OT UPPaUOHANIBHOCTH, K KOTOPOMY IPHUBOZAT:

® PaBHOCIIBbHLIE IIPe0Opa30BaHUS;

® NIepexo/l K ypaBHEHHIO-CJIEACTBUIO (C mocjieAylolel IpoBepKOR KOp-
Hell NoACTaHOBKOM MX B JAHHOE YPaBHEHHE);

® 3aMeHa NepeMeHHOH.

Kpome TOro, HekoTopble MppallMOHaNbHble ypaBHEHHS MOXKHO pe-
IIaTh, UCTIONb3y MOHOTOHHOCTb QYHKIHHK /X M ee HEOTPULATEIbHOCTD
IIpYU YEeTHBIX N.

Caman pacrpocTpaHeHHas omKMOKa NMpH pellieHUH WppaldOHaIbHBIX
ypPaBHeHHUH — lepexoJ K ypaBHEHMIO-CJIeACTBHIO (T.e. 10 CyTH — BO3Be-
JieHye B KBaJpar obeux yacTell ypaBHeHus) 6e3 nocieyoleil IpoBepKU
MOJMYYMBIIMXCA KOpHeill. Tak, pelas ypaBHeHHe /X = —X BO3BeJeHHEM
ofeux yacTeii B KBaJpar, oJlyyaeM ypaBHeHHe-CIeACTBHe X = x2. [IoHAT-
HO, YTO IIPY 3TOM MPOUCXOAUT paciivpeHHe obnacTy onpegeneHus. Kop-
HU 3TOro ypaBHeHus O U 1. be3 npoBepky BTOpOE YHCIIO MOXKET OKa3aThCA
B OTBeTe, XOTA NOACTaHOBKA ero B UCXOAHOe ypaBHEHHE MO3BOJISIET YBHU-
Jl€Tb, YTO OHO He SBJIAETCS ero KOpHeM, T.K. [ToIydaeTcsd HeBepHoe YHCIOo-
BO€ paBeHCTBO 1=—1.

K nosBneHHIO TOCTOPOHHUX KOPHEH MOXET NPUBOJUTH HUCIOIbL30Ba-
HHe pa3JUYHBIX TOXJECTB, IOCKOJIbKY JIeBble U IIPaBbleé YacTHU TOXAECTB
MOTYT UMeThb pas3Hble obacTH onpezeneHus. PaccMOTpUM ypaBHeHHe

Vicnoneaya ToxzaectBo /d - Vb = vab, monydum ypaBHeHue-CleCTBHE

Vx—-Dx+4) = V6. Bo3Bozst 06e ero 4acTu B KBaZpaT M peuasi oay-

yMBLIeecsa B pesy/bTaTe ypaBHeHue x2 + 3x — 10 =0, HailieM KOpHU —5
u 1. Eciy 1IpH NpoBepke MOACTaBIATb UX B ypaBHEHHe-CIEeACTBHUE, T.e€.

B ypaBHeHHe 4/ (x — 1)(x +4) = v'6, MOXXHO cze/1aTh OLIMGOYHEII BBIBOJ,
yTo 06a 4MCIa SIBJSIIOTCA HMCKOMBIMHM KOpHAMH. OJHAKO MOACTaHOBKA
B UCXOJHOE YpaBHeHHe [03BOJIAET YBUAETh, UTO KOPEHb —5 sIBJIAETCA I10-
CTODOHHHM, T.K. IIOJY4YaeTCA HEe WMeEmllee CMBIC/Ia YHCJIOBOE€ paBeHCTBO
V=6 +v/—1= 6. IIlpyunHa 3TOro B TOM, YTO HCNONL3OBAHHE YKA3aH-
HOTO TOXJECTBa MPUBEJIO K paclIMPeHHI0 06JIacTH OIpeAeSeHUs JeBOH
4acCTH MCXOJHOro ypaBHeHHA. TakuM o6pa3oM, HYKHO YeTKO NMOHHUMATh,
YTO HPOBEPKY C/leZlyeT INPOU3BOJUTH C ITOMOLIBIO MOJCTAHOBKY UMEHHO
B IaHHOE ypaBHEHHE, a He B TO, KOTOPOE IOJy4YHIOCh B PE3Y/IbTaTe KaKUX-
anbo nmpeobpa3oBaHUil JaHHOTO.
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1. Anre6panyeckue npeoGpa3oBaHuA

Vpasnenusa guda 3}/ f(x)=%/g(x)

[lpu pelieHUH YpaBHEHMH 3TOrO THIIA, COAEPKAIUX KOPHY HEYETHOU
CTENEHH, Hy)KHO TIOMHHTD, YTO 3TH KOPHH H3BJeKalTcA U3 M060ro Aei-
CTBMTE/ILHOTO YMCJa ¥ TIPUHUMAIOT JiloOble JelicTBHUTe/bHbIe 3HaYEeHHUA.

Tak, HanpuMep, ypaBHeHue i/ f(x) = 3/g(x) paBHOCWIPHO ypaBHEHHUIO
f(x)=g(x). B ciyyae KOpHeil 4eTHOH CTENEHU HYKHO MCIIO/Nb30BaTh JIO-
60ii 13 AByX paBHOCWIBHBIX NI€PEXOJOB:

2k / / (J() - g(x))
Win

=gk),
- i - (31

Ha npakTrke BbiGMpaeTcs TOT, B KOTOPOM HEPABEHCTBO CHCTEMBI fB-
nsercs 6osee MPOCTHIM.

IIpumep 1. Pewmure ypaBHeHUE
Vx2+8x-8= Vox-1.
Pemenue. 3/x2+8x—8= ¥2x—1 < x’+8x-8=2x-1 <

x=1,

=
x=-7.

Omeem: 1; —7.

Tipumep 2. Pemmre ypapHenue v x2—2= Y/x.

Pemenue. vx%—2=Yx <

x> -2=x,
x = 0.

Il
=

Vo= =
e 1

N
=

Il

[\

Omeem: 2.

Ypaenenus suda 4/ f (x) =g(x)

OaHuM U3 Hauboslee pacnpocTpaHeHHBIX Npeo6pa3oBaHMil IpH pellle-
HHH UppalMOHANIbHBIX YPaBHEHUH ABJISIETCS BO3BeleHNe B KBaJpar obenx
yacTell ypaBHeHUs1. HanoMHUM, 4TO eciii 06e YacTH ypaBHeHUs1 HEOTPU-
LaTe/IbHEI HA HEKOTODOM MHOXXECTBE, TO BO3BeZeHue B KBaZpaT obeux
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JacTel TaKOTO YpaBHEHUS He IPUBOAUT HU K IIOTepe, HU K NPUOOPETEHHIO
pellleH!} Ha 9TOM MHOXECTBE, TO €CTb ABJ/IAETCA PABHOCWILHBIM Ipeobpa-
30BaHMeM. [loaTomy

g(x) = 0,
V = PR
TEI=809 < o0 = g0

B camowm zerse, ecnu npaBas 4acTh YpaBHEHHs OTpHlaTeNbHa, TO OHO He
HMMeeT pellleHWH B CITYy HEOTPULIATENbHOCTH JIEBOH 4acTH (KBagpaTHOTO
xopus). Eciu e npaBas yacTb ypaBHEHUsI HEOTPULIATE/bHA, TO BO3Bee-
HHUe B KBaZpaT obenx ero uacTeil ABIfeTCs paBHOCWIBHEIM Ipeobpa3oBa-
HUeM. B nocieanon cuctemy nopoit fo6asisior Tpebosanue f(x) = 0,
KOTOpOe COBEPILEHHO H3JIHIIHE, TaK KaK PEelI€HUMH CHCTEMBI SIBJISIIOTCS
Te 3HAa4YeHUSs [epeEMEHHOMH, A/ KOTOPHIX f(x) = g2 (x)=0.

B 3TO# CBsI3M CTOUT BCIIOMHUTD OMNpeAesieHre apudMeTHYeCKOro KBaj-
paTHOI'O KOpHA: apudMeTHYECKUM KBaJpaTHBHIM KOPHEM M3 4Mcja a Ha-
3bIBaeTCs TaKoe HeoTpUllaTeJbHOe YHCio b, KBaJpaT KOTOPOro paBeH d.

Taxum obpazoM, v/a=b & O6paTtuM BHHMaHHE Ha TO, YTO

)
=b2.
B OTIpe/ie/ieHHH HeT HU (JI0BA O 3HaKe YKCIa a: BeJjb HUKaKoe OTpHLaTelb-
HOe a OTIpeJie/IEeHHIO TIPOCTO He YOBIeTBOpseT. TeM He MeHee, HalW4He
B cHcTeMe HepaBeHCTBa f (x) = 0 He 6yaeT HU OMIMOKOMH, HU JaXKe HeAoue-
TOM, MOCKOJIBKY YTBEpXKIeHHe

flx) =0,
Vi) =gx) & | fx) =g*(x),
gx)=0

ABJIACTCA BEPHDBIM.

3ameuanue. YpaBHenue 23/ f(x)=a (n € N) npu OoTpULATeNbHbIX a
pellleHri He UMEeeT, a IPY HEOTPULIATEIbHBIX 3HAYEHUAX a PABHOCWIBHO
ypaBHeHHIO f(x)=a>" 6e3 kakux 6bI TO HY GbUIO ZIOMOJHUTE/IbHBIX YCIIO-

Buil. YpaBHeHue 2}/ f(x)=h(x) paBHOCWILHO CHCTEME
fx) =h*"(x),
h(x) =2 0,

NpUYeM, KaK MPaBWIO, ypaBHEHWE CHCTEMBI pellaeTcs, a HePaBEHCTBO
NpOBEPSIETCS.

IIpumep 3. PewuTte ypaBHeHue /4 +2x —x2=x —2.
Pemenne. YpaBHeHHe paBHOCWIBLHO CUCTEME
4+42x—x* =x*~4x+4,
x = 2.
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YpaBHeHHe cUCTeMBbl IpUBOAUTCA K BUAY 2x(x —3) =0, orkyza x =0
(3TOT KOpEHDb He YAOBJIETBOPSET HEPABEHCTBY X = 2), 11bo x = 3.

Omegem: 3.

Ypasuenus suda 4/ f(x) + 1/ g(x) = 4/ h(x) u caodumsie k Hum
B ToM ciydae, ecut GyHKIUHU f (x), g(x), h(x) ABnAioTCA TMHEMHBIMU,

ypaBHEHUE \/ fe)+ \/ glx)= \/ h(x) pemaeTcs cTaHZapTHHIM 06pasoM:
BO3Be/ieHHEM B KBaZipaT 06eHX ero yacTel IpH YCIOBHH, YTO KaXKAas U3
3THX QYHKUMI HeoTpHUlaTebHa. PaBHOCWIbHOE IIpeo6pa3oBaHue A1 Ta-
KOTO ypaBHeHHsI — IIepexoi K CUCTeMeE

f)+2+/f(x)g(x)+g(x) = h(x),
f) =0,
g(x) = 0.

O6paTuM BHHMaHHe Ha TO, 4YTO yCJIOBHE HEOTPHULATENbHOCTH QYHKLMH
h(x) MOXHO ONyCTUTH: OHO C/IeAyeT U3 HEOTPHUIATEIbHOCTH JIeBOi ya-
CTH ypaBHeHMs IpH yciaoBusax f(x) = 0 u g(x) = 0. Ilocne Bo3BeAeHHUA
B KBaZpaT U IpHBeAeHUs NMOAZO6HBIX 6GyeT NOMy4YyeHO ypaBHeHHe BHAA

v/ p(x) = q(x), KoTOpOe pelaercs crHOCO60M, pPacCMOTPEHHBIM BBILIE.

CoBeplLIEHHO Tak e pelllaeTcs ypaBHeHHe 4/ f(x) +4/g(x) =+ h(x) u B

TOM CjIydae, €C/IM OJUH U3 paJUKajJoB 3aMEeHHUTb YucioM. Ecn ke xoTa
6b1 ogHa u3 gyHkumii f(x), g(x), h(x) He sABAAETCA IUHEHHON (TTpHYeM
HU OAVIH U3 PaJUKajOB He SIBJISEeTCS YUCIOM), TO 0blero MeToja pelue-
HUA TaKUX ypaBHeHUI He cyujecTByeT. PACCMOTPUM IpHMephl pelleHUs
ypaBHEHUH 3TOTO THIIA.

IIpumep 4. Pemrnte ypaBHeHHe v X +2+4+ +Vx—1=3.
Pemtenne. vVx+2+V/x—-1=3 &

x+24+24y/x4+2y/x—14+x~-1=09, \/— 1=

e {x+23>0, PN x+2y x—1=4—x, -
x=21

x-120

x+2)(x—1) = (4—x)?%,

(x+2)(x~1) = (4-x) x—2 = 16-8x, x=2,
S {x =1, =

1<x<4 1€£x<4
x<4

Omeem: 2.
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IIpumep 5. Peiunte ypaBHeHHE

Vx+2=2+V/x—4.
x+2=4+4vx~-4+x—4, v—4=1
Pemenue., { x> -2, = { 2?2 s
xz4
xz4
x—a=1 1
T4 =41
e {x24 & x 44.
Oms 4l
em: 47.

Ypasrenus suda f(x)-+1/g(x)=0

ITpu pewenuyr ypaBHeHM# Buga f(x)- 1/ g(x) =0 monyckaercs 601b-
II0€ YHCJIO OMHOOK, CBA3aHHBIX C IUIOX0 YCBOEHHBIM IIPaBWIOM PaBeHCTBA
HYJIIO TIPOU3BEZIEHUA JBYX COMHOXUTENEH: npousgedeHue 08YX COMHONU-
menell pagHo Hy0, eciu xoms 6bl 00UH U3 HUX DABEH HYI0, A BMOPOL He
mepsiem cmbicaa. O 1ociefHel 4acTH 3TOT0 YTBepKJeHUs YacTo 3abriBa-
I0T, CJIEICTBUEM Uero SIBJIAETCH BKIIOUEHHE B OTBET IIOCTOPOHHUX KOpHEH.
Penas Takoe ypaBHEHHE, HY>XHO NTPaBWIbHO GOPMY/IHpOBaTh YCJIOBUE pa-
BEHCTBa HYJIIO TPOM3BeAEHUA ABYX GYHKLUMIA U C TOMOILBIO 3TOr0 YCJIOBUA
[lepelTH K paBHOCWIbHOM COBOKYTIHOCTH

g(x) =0,

fx) =0,
glx) =20,

WIH K€ PACCMOTPETH ABa Clyvasi, eCI 3HaK COBOKYIHOCTH He HCIIONb3Y-
ercd. K 3To#t >xe rpyrine MOXHO OTHECTH 4yTh 6oslee IPOCThIE ypaBHEHHUs

BUZA fﬂ =0, paBHOCWIbHOE CHCTeMe {f(x) =0, " - 00 =0, paBHo-
Ve gx)>0,  f&x) 77
CIIbHOE CHCTeMe { 8(x) =0,
f)#0.

IMpumep 6. Peuinre ypaBHeHUE

(x?+3x—10)y/x+4=0.
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Pewrenue. (x2+3x—10)vVx+4=0 &

x =-=5,
x*+3x—-10=0, _
X—2, X 2,
= x+42=20, =
x+420, x = —4.

x+4=0
x=-4

B KayecTBe CJIEAYIOLIEro NMpUMepa pacCMOTPHM pelieHHe 3ajadH 5
yacTH I BBOAHOH JuarHOCTHYeCKOH paboThI.

Ipumep 7. Pemute ypaBHEeHUE

(x=3)Vx2—5x+4=2x—6.

Penrenue. llepenuuieMm AaHHOe ypaBHEHUE B BUJe

(x-3)(Vx?-5x+4-2) =0,

x=3,
OTKyZa (aTa cucTeMa He UMeeT pelleHuit) a11bo
o { x?-5x+420 P
Vx2—5x+4-2=0,
OTKYZa
Vx2-5x+4=2,
M, 3HAUMT,

x?-5x+4=4.
KopHaMU noc/iefHero ypaBHeHHA ABAAIOTCA yucaa 0 u 5.
Omeem: 0; 5.

Ceoticmea xopHell

OnHOHM U3 TUNUYHBIX OMUOOK MPH pelleHUH UpPalOHaIbHBIX ypaB-
HeHUH sB/lAETCA HeBEpDHOe Ipeobpa3oBaHMEe KOPHA M3 IPOU3BEAEHUA
(vacTHOro) AByx GyHKUMIA B Ipou3BeZeHHe (YaCTHOe) KOpHeH U3 3THUX
JyHkuii M obpaTHoe npeobpasoBaHpe. OmUOKA 3Ta CBA3aHa C TeEM,

4TO 06MacTh onpejeneHus BopaxkeHus 4/ f(x)4/g(x) yxe obnactu ompe-
Aejenusa BblpaxeHusa 4/ f(x)g(x). B camom zfejie, nepBoe BbIpaKeHHE
fx) =0,

onpeaejeHo, ecin {g(X) >0.
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fl) =0,
BTopoe BhIpaXkeHHe ONpejeNeHO, eClH { () >0 (B 3TOM Clydae
<0,
VF0)g0)=1/f(x)/g(x)) wm { )gc((j:))<0 (B 3ToM crryuae 1/ f (x)g(x)=

=4/—f(x)y/—g(x)). [loaToMy mocjie nepexoia OT KOPHSI U3 IIpou3Bese-
HHUA K NPOM3BEAEHHIO KOPHEH MOXHO MOTepATh pelieHHs (YTOOBI 3TOro
He IPOM30II0, HYXXHO paccMaTpuBaTh JABa Cjly4as), a Mpu ob6paTHOM
repexoZie BO3MOXXHO IpuobpeTeHHe NOCTOPOHHHUX pelileHUil (A1A TOro
YTOOBI UX UCKIIIOUNTh, HY’KHO CZAEJIaTh [IPOBEPKY).

IIpuMmep 8. Pemnte ypaBHeHHE

x(x+3)+(x+3) -2=0.

Pemenne. TloakopeHHOe Bpra)KEHI/Ie HeOTpnuaTeano, et x 2 0,
wiy x < —3.

PaccmoTpuM aBa cayvas. [Iyctb x =0

B aToM Cerqae

(x+3) (x+3)\/_ Vx+3vx = /x(x+3).

O603HaYuB Hoc/IefHee BhipakeHHe yepes 2 (z = 0), Momy4ruM KBajpar-
HoOe ypaBHeHue z2 + z — 2 =0, e/ANHCTBEHHEIM HEOTPUIIaTe/IbHBIM KOPHEM
KOTOpOro siBiseTcs yucio 1. CaenaeM o6paTHYIO 3aMeHy:

Vx(x+3)=1 & x(x+3)=1 & x*+3x—-1=0,

-3+
OTKyZa: X = —3-—2£
YaioBuio x 2 0 yAOBIETBOPAET TOJNBKO X = _3—+2—~— “13. [lycTh Tenepn

x < —3. B 3ToM ciyyae

(x+3),/ﬁ=(x+3)—_(‘f)%é—=

=—(-(x+3)—— ( —vV=(x+3)vV=x=—yx(x+3).
vV —(x+3)

KBazipaTHOe ypaBHEHHE OTHOCHTENLHO TOH ke IlepeMeHHOH z OyaeT
uMeTb Bug 22 — 2 — 2 =0. EAUHCTBEHHBIM HEOTPULIATETLHBIM KOPHEM IT0-
C/IEAHETO YPaBHEHUA ABJAETCA YKciIo 2. TakuM o6pa3omM,

Vx(x+3)=2 & x(x+3)=4 & x*+3x—-4=0,
OTKyAa: X =—4; x=1. YcyoBuio x < —3 yAOBIETBOPSAET TONBKO X = —4,

-3++v13

Omeem: —4; 5
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2. 3ameHa nepeMeHHOH

OZHUM M3 caMbIX paclipOCTPaHEHHBIX METOJOB DeIIeHUs ypaBHEHUH
ABJIAETCA 3aMeHa [lepeMeHHOM. DTOT MeTO/ HCIIOIb3yeTCs U )11 HPpPaLio-
HaJIbHBIX ypaBHeHuH. Hanbonee yacTo BCTpevyaloTcs ypaBHEHUs, KOTOpEIe
MOYXHO MPHUBECTH K BHAY

af (xX)+by/ f(x)+c=0

(B aTOM CiTydae ucnosnbayeTcs 3aMeHa 2z = 4/ f(x), z = 0, nocie KoTopoi
ypaBHEHHE CBOAUTCA K KBaJpaTHOMY OTHOCHTENLHO %), a TalKKe ypaBHe-

HMS BHZAA
fQ \/ g)
g (x) f )

. [ f(x
(B 3TOM Ciydae YypaBHEHHUE CBOAUTCA K KBaZ[paTHOMY 3aME€HOHU 2 = é@,

z>0). O6paTUM BHHMaHHe Ha TO, 4TO NPH NoACcTaHOBKe t = 2%/ f(x) me-
peMeHHas ¢t IPUHHUMAaeT TOJbKO HeOTpHIaTelbHEIE 3HAYeHUs, a IIPH MOJ-

craHoBke t = 2"*1/f(x) — mo6ble neiicTBUTeNbHBIE 3HAYEHHA. OcO6HI
BU/l MPPALMOHATBHBIX YPaBHEHUi! IPe/ICTABAAIOT cOBOM ypaBHEHUs, CO-

Jepxxalliie BblpakeHHe 4/ f"(x) a OCHOBHble TPYAHOCTH NPH peLICHHH
3TUX ypaBHEHMH CBA3aHHI C UX pacllO3HAaBaHWEM U MPABWILHBIM H3BJIE-

YeHWEM KOpHA JJIs1 KOPHA C YETHHIM IIOKa3aTesleM: 2"\/ 200 = |f(x)|
(o 3HaKe MOZy/IA YacTo 3abbIBAIOT).

I[TepelizeM K pacCMOTpPeHMIO IIPHMEPOB, HayaB C pellleHUA 3ajadu 6
yacTty I BBogHOI AuarHoctuyeckoil paboTsl.

ITpumep 1. Pemuute ypaBHeHUe

—X x—=1 _
1+3J3 =
3 4 u=1,
- u+-=4,
Pewenue. HYCTLU=V)§(__)1(.TOPA3 u s u=3,
u>0
u>0
Caenaem o6paTHYIO 3aMeHy
3_x_1 x =2,
X1 =
=3
3—x =3 xX=3.
x—1

Omeem: 2; %

4 VDABHEHVA 1 CUCTEMBI VOABHEHWUIA
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IIpumep 2. Pemiute ypaBHeHHE
x?+3x+vVx?+3x =6.

PeweHue. CzenaeM 3aMeHy nepeMeHHoi: z = v/ x? + 3x. Toraa

22 +2 =6, [
I
220

z = =3,
V4
-
z 2z

=2) =z =2,

o

Caenaem oOpaTHYIO 3aMeHYy:
2 _ 2 _ X
X*+3x=2 & x*+3x=4 & +

Omsem: —4; 1.

3. lIpuMeHeHHe CBOMCTB GYHKIIMIA

IIpumep 1. Pemniure ypaBHeHUEe
Yx-2+3x-5=23.

Pemrenne. EAMHCTBEHHBIH KOpeHb JaHHOTO ypPaBHEHUA Cpa3y MOXXHO
HalTH, 3aMeTUB, YTO €ro JieBas 4acTb NpejCTaBiAeT co60if MOHOTOHHO
BO3pacTalolIylo Ha cBoel 061acTu onpeaeaeHus GyHKIHIO

) = Yx—24+/3x-5.

[Mockonbky f(3) =3, To X = 3 — KOpeHb ypaBHEHHUs, U JPYyTHX KOpHel
B CWJIy MOHOTOHHOCTH pyHKuuH f(x) ypaBHeHHe f(x) =3 He UMeeT.

Omeem: 3.
ITpumep 2. PemnTte ypaBHeHHE

Vx243x—a4+v/x3+12x2—11x—2 = 0.

PemieHve. B cuiy HeoTpHLATeIbHOCTH KBaJpaTHOro KOPHA JaHHOe
ypaBHeHHUE HMeeT pellleHUs B TOM M TOJIbKO TOM CIyyae, eClu

5 x=1,
x“+3x—4=0,
&

x=—4’ = x=1.
x*+12x*=11x-2=0 3 )
x*+12x*-11x—-2=0

Omeem: 1.



HippauuoHaibHbI€ YpPABHEHHSA

Pelnte ypaBHeHHE.

1.a) V2x2+7=x—4, 6) V5x2—11=2x+1.

x*=9 _ x2=25 _
2.2 =0, 0 7= =O
2
25x%—36 6 =% _.
3.-2) " 7= =0 2ty
4.3) (x2—16)v3—x=0, 6) (y*—64),/7—y=0.
x>—10x+9 _ 22 —5z2+4
5.a) 753 =0, 6) “io1 =0.
6.a) vVS5x+1=x-7, 6) v2z—1=3z-8.
7.a) vV2x—-1=3x -2, 6) V7y+2=5y—2.
8.a) v (3x—5)2=4, 6) V(42 -9)2=7.
9.a) Vx2-10=+2x+5, 6) V22—-18=+5z—4.
10. a) V3 —-2x=2x-3, 6) v7—-2x=2x—-17.
11. a) Vx2—3x+2=—x243x-2, 6) V/x2+3x—10=—x%—3x+10.
12.a) 4/x=3x+1, 6)5/y=2y+3.
x> 4 6) y __ 25
8.9 = A \/7+8y NG +8y
x—6_ vx—6 vz—-2_ vz-2
14.2) 537 = 3x =2 6) 5,78 Sz+8 3z+4
2 —
15.0) Y2, 6 Lo2-16
-5 3z+4

vX
16.a) /(x—7ND(x—3)=vVx—-7, 6) y/(3+5)(2—=7)=+v2+5.
17.a) (x—5)vVx—4vVx—6=0, 6)(y—-7)/y—6/y—8=0.
18.a) (x+1)(x—6)vx—-5=0, 6) (z2—8)(z+7)vVz+3=
19.a) (x—7)(x+5)v4—x=0, 6) (x+7)(x—-1)vV-5—x=

20. 2) v (x—=5)(x+8) 0 6 vV&x=7)(x+8)
.a) ——————— =), YT T -
v (x+5)(x-8) Vx+7D(x—8)
21. a) x—D(x— 4)(x 11) =0, 6) (z+7)(z—4)(z-—18):0.

Vx=2-3 Vz—2-4
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VppanyoHajbHble ypaBHEHUs

22.2) V(x-2)(x=9)=vZ=x, 6) /-6 -H=1/6-y.
23.a) (x+2)Vx—-1=v/x-1, 6)(z+7)Vz—5=+2z—05.
24.2) (x—-NVx=7=x-9, 6 (y—-2/y+7=y-2.
25.a) Vx+2v/2x-3=3, 6) Vx—4vV2x-7=1.



TpenupoBouHas pab6ora 4

Pemrure ypaBHeHue.

1. VS5x+4=—x—-2.
2. /2x2—-9x+4=x+2.

3. v/4x* +8x3 +6x+10=3 — 2x2.

4. 32x2—x—1=-2.

.(3x%2—7x+2)y/3+5x—2x2=0.
. (x2+43x—10)v/2 —3x=3x2+9x — 30.

N »n

~N

. (2x% = 7x+3)/x3 +2x2 — 6x —3=3 — 10x + 9x2 — 2x°.

V3x—=2-2x+1 _
* 256x*—40x—-51"

> ]

x2—x—y/x*=2x3+3x2+3x+1

? 5x3—6x+1

10. \/2x2—x—8=\/x2+2x—8.

11. /x+4-4y/x— /x+25-10y/x=1.

12.3%/2x2 +3x-8=43/2x2+3x—-8—-1.



§ 4. TpuroHomMeTpuyeckie ypaBHeHUA

OcHOBHas ujes pelleHUs TPUTOHOMETPHUYECKOTO ypaBHEHUS — CBe-
JeHHe ero K OfHOMY WIM HeCKOJIbKHUM MPOCTEHIINM YpPaBHEHHAM, T.e.
ypaBHEHHAM BHJa Sinx =a, cosx =a, tgx =a, ctgx =a. Kaxgoe u3 aTux
yPaBHEHHWH JIeTKO pelllaeTcs ¢ MOMOLIbI0 TPUTOHOMETPHUYECKON OKPYX-
HOCTH, Ha KOTOPOHM M300paKaroTcsl COOTBETCTBYIOIINE TOYKH, HOCJIe Yero
C Y4€TOM NepUOANYHOCTH TPUTOHOMETPHUYECKMX QYHKIMI 3anMchiBaeT-
cs oTBeT. C onpezesleHHOH CTeNMeHbIO YCIOBHOCTH Jil0OOe CTaHZapTHOe
TPUTOHOMETPHYECKOe ypaBHeHHe («CTaHZapTHOe» He 00A3aTesIbHO O3Ha-
JaeT «IIPOCTOe») MOXXHO OTHECTU K OJHOMY U3 JBYX OCHOBHBIX THIIOB:
ypaBHEHUA, CBOAUMBIE K IIPOCTEHIINM C IOMOIIbIO TeX WIM UHBIX TPUTO-
HOMeTpHYecKUX IpeobpasoBaHuil (MOHMKEHUA CTeNmeHH, npeobpasoBa-
HUA CYMMBI TPUTOHOMeETpHYecKUX QYHKIIMH B Npou3Be/ileHHe, BBeJeHUA
BCIIOMOTATEILHOTO yTJIa ¥ Ap.), H YPaBHEHUsA, BHayajle CBOAUMBIE K ajl-
rebpanieckuM ¢ IIOMOIILIO TOM WIM HHOM 3aMeHbl TepeMEeHHOH, a 3aTeM
C OMOIIBI0 06paTHON 3aMeHbl IPUBOAYMbIE K OZHOMY WIH HECKONBKHM
MPOCTENIIUM.

1. Anrebpanyeckue npeodpa3oBaHUsA
YpasHerus, HenocpeOcmeeHHO C800UMble K npocmeliium

HaumeHee oTganeHs! no YPOBHIO CJIOXKHOCTHU OT HpOCTCﬁU.IPIX TPUTI'O-
HOMETPHYECKUX ypaBHeHHﬁ YpaBHEHHA BHAA

h(kx+b)=a u (h(x)—a)(g(x)—-b)=0,
rae h(x) u g(x) — Kakue-TO U3 YETHIPEX OCHOBHBIX TPUIOHOMETPHUYECKHX
bYHKIHA.
BMecTo mepexofia OT ypaBHeHusa Buaa cos(f(x)) =m (rae |m|<1)
K ypaBHeHHIO f(x) = xarccosm + 27k, k € Z, 6piBaeT Lenecoobpas3HoO
MEPEHTH K COBOKYTIHOCTH

f(x) = arccosm + 27k,

k,neZ.
f(x) = —arccosm+2nn, n

AHaJIOTHYHOe 3aMevaHHe CIpaBeAJHUBO A ypaBHeHUs BUza sin(f(x)) =
=m (rae |m| < 1). CooTBETCTBYIOIIasi COBOKYTTHOCTb B 3TOM CJTyyae HMeeT
BUZ!
(x) = arcsinm + 27k,

f . k,neZ.

f(x) = m—arcsinm+2nn,
YpaBHeHHe tg(f (x)) =m paBHOCWIBHO ypaBHeHMIo f(x)=arctgm + 7n,
nez.
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IIpumep 1. Pemure ypaBHeHUe

tg(2x+ %) = 7

Peinenne. tg(2x+§)=\/i§ = ’
4:)2x+%=%+1m,nez; W»%
2x=%—%+rcn, nez; 6. -
x=8—71+7n, nez
Omeem:x=8—1; E./.r—l,neZ

IIpumenenue opmyn y08oeHHO20 apzymeHma

PelleHne ypaBHeHHUI 3TOro THIa OCHOBAHO Ha IIpUMeHeHHH GOpMyI
VZIBOEHHOT'O apryMeHTa.
Mpumep 2. Pemure ypaBHeHue sin 2x — cos x = 0.

Pemenmue. sin2x —cosx=0 & Yir
& 2sinx-cosx—cosx =0 & s 2
. X is
& cosx-(2sinx—1)=0 & 5 1 5
] PO - o1
cosx =0, cosx = 0,
= ] = =
| 2sinx—1=0 sinx=% x
X = %+7tn, nez, 3
= 2

x=(-Dk-Z+7nk, k €Z
_n kK T
Omeem:x—§+nn,n€Z;x=(—1) ~g+7rk,keZ.

IIpeobpasosarue cymmsl 8 npousgedeHue
u obpamuoe npeobpasoearue

Tpu pellleHHH 3TOrO THUMA 3aZay HCIONB3YIOTCA GOpMYJHl Npeobpa-
30BaHMA CyMMbl (Pa3HOCTH) ABYX TPHTOHOMETpHUYeCKHX QyHKIMII B npo-
u3BeseHHe ¥ GOPMYJIbl, MO3BOJAIOIINE NIEPEHTH OT IPOU3BEAEHMSA ABYX
TPUTOHOMETPHUYECKUX QyHKIUHI k cyMMe (pa3sHOCTH). B kayecTBe nepBOro
NpHMepa pacCMOTPHM pellleHHe 3aAa4H 7 yacTu I BBOAHOM JuarHocTuye-
CKOif paboTHI.

Ipumep 3. Pemure ypaBHeHHMe sin 3x +sin4x +sin5x =0.
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Pewrenue. sin3x +sin4x +sin5x=0 < Yy

3x:,'z-sx-cos 3x;sx+sin4x =0& 000 e

& 2sinx

& 2sin4x-cosx+sind =0 <

NI

< sin4x(2cosx+1) =0 & 2
sin4x = 0, 4x =7n,n€Z, Lo
And _ 1= 21
cosx = —3 x=:t?+27rk, kez.

Omeem: x=%, nez; x=:t2?n+27rk, keZ.

IIpumep 4. Pemute ypaBHeHUe cos 3x + sin2x =0.
PemeHnue. JIoCKONBKY y

m
sin2x=cos(g—2x), 2
TO
c053x+cos(% —Zx) =0 &
'/

X
er-+x Sx—g
& 2cos 5 " Cos =0 <
2
[ cos(E LX) = )
cos(4+2)—0,
= =
cos(s—x—E =0
| 2 4
T, X T m
o Z+§-—E+Trn,neZ,@ x—§+2nn,neZ,
Sx_m_x _3m, 2mk
_2—4—2+ﬂk,keZ x=35+ S,kEZ.

Omeem: x=§+2nn, nEZ;x=?i—g+25Lk, keZ.

Yenosusn pasercmea 08yx 0OHOUMEHHBIX
mpuzoHomempuueckux gyHkyull

YpaBHeHHs YKa3aHHOTO HIDKe BHZA MOTYT GBITh PelIeHbl KaK pasjio-
JKEHHEM Ha MHOXXUTENU (C UCTTONb30BaHHEM GOPMYJl CYMMBI WM pa3HO-
CTH CHHYCOB WK KOCHHYCOB), TaK U C UCIIOIb30BAHUEM YCIIOBUH paBeH-
CTBa [BYX OAHOMMEHHBIX TPUIOHOMETPHUYECKUX GYyHKIUHM pas/IMYHEIX ap-
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ryMeHTOB. [IpHBeAeM COOTBETCTBYIOIIE DABHOCWIbHBIE I€PEXOADIL:
f(x) =gx)+2mn,

f(x) = —g(x) + 27k,

f(x) = g(x)+2nn,

f) =n—gx)+2mk,
fx) =gx) +mn,

FO) # 5 +mk,

~ f(x) =glx)+nn,
ctg(f(x)) = ctg(g(x)) < [ f(x) # nk

(keZ, neZ).
3aMeTHUM TakKe, YTO ypaBHeHUA BHJA

sin(f(x)) = cos(g(x)) u tg(f(x)) = ctg(g(x))

cos(f(x)) = cos(g(x)) & [

sin(f(x)) = sin(g(x)) & [

tg(f(x)) = 1g(g(x)) <= [

¢ MOMOIbI $OPMYJ MPUBEAEHUS CBOAATCH Yin
COOTBETCTBEHHO K ypaBHeHusaM sin(f(x)) = 3x 2 -
=sin(Z—g()) mgfen=tg(F-g(). 4 4
IIpumep 5. Pemurte ypaBHeHHe tgbx =
=tg2x.
Pemenune. tg6x=tg2x m 0 x
6x=2x+7nn, neZ
5 7
& { cosbx #0, = 2 3 2
cos2x # 0, » 2
n —nn
x=T,neZ, x—4,neZ,
z oo Tk
= 6x;é2+nk,keZ, =] ;612+6,keZ,
2x76%+nm,meZ x#%+%, cZ.

mn
Omegem: x= -5 ne€ Z.

ITonunceHue cmeneHu
IMpu pelienyny 3aja4 3TOro TUIA NPUMEHAIOTCA GOPMYJIBI MOHIKEHHUS

. 2 _ 1—cos2x 2 1+cos2x
CTEMEHH SIN“X = ————, COS"X = — 5, MOCJIe Yero ypaBHEHHE,

KaK IIpaBWIO, YAa€TCA CBECTH K OAHOMY U3 paCCMOTpPE€HHBIX paHee THIIOB.

Mpumep 6. Pemute ypaBHeHHE c0s® 2x + cos?® 3x +cos? 4x = %
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Pemenne. cos? 2x + cos® 3x + cos? 4x = % =

1
PN +cos4x+1+cos6x+l+c058x =% PN Y,

2 2 2 o K
<> cos4x+cos6x+cos8x =0 3 2
& 2cos 4x42-8x‘cos 4x58x+cos 6x =0 &
& cosbx(2cos2x+1) =0 & A \
[ cosbx =0, —% J X
= 1 L=
cos2x = -3 L ...
- _2n T
6x=§+7‘cn, nez, 3 2
= =

ox =22 onk, kez

mT ., 7n
x—i—+?, nez,

x= i§+nk, kel

=, Tn sy =a4F
Omeem.x—12+ 6 ,neZ,x—iS—i-nk,keZ.

Pasnoncenue na MHoOMuUmMenu

[lpu pelreHuM ypaBHEHHH 3TOro TUma Haubojee YacTO BCTpevaro-
mascs omKbKa: AeneHne obeux YacTell ypaBHEHHA Ha BhHIpa)XeHHeE, CO-
Zepxalllee HeM3BECTHYIO (NpaBWIbHOE JeiCTBHe: NepeHOC BCEX WIEHOB
B OAHY W3 YacTell ypaBHeHHUA U BhIHeceHHe obliero MHoxutess). Takas
ombKa NPUBOAUT K HEBEPHOMY OTBETY, [TOCKOIBKY TEDSIIOTCA KOPHH —
Te 3HauyeHUA NepeMeHHOMH, MPY KOTOPHIX YKa3aHHOe BhlpakeHHe obpala-
eTcs B HyJIb.

[Ipumep 7. PewnTe ypaBHeHHe cos 2x = sin® x + cos® x.
Pemenue. cos2x=sin®x+cos®x &

2x = (sinx+cosx) - (sin® x — sinx cos x + cos’ x) &

& cos? x —sin
< (cosx —sinx)(cosx +sinx) — (sinx+cosx)-(1—sinxcosx) =0 <
& (sinx+cosx)(cosx—sinx—1+sinxcosx) =0 &

[ sinx +cosx = 0, (1)

cosx —sinx—1+sinxcosx =0. (2)

PemuM (1): sinx+cosx=0 & tgx=—-1 & x=—%+7m, neZz.
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Pemnm (2): cosx(1+sinx) —(1+sinx) =0 &

cosx=1

. sinx = —1, x=—§+27tk, kez,
< (1+4sinx)(cosx—1)=0& =]
x=2mtm, m € Z.

Omeem: —% +nn, n€eZ; —%+27‘ck, keZ;2mnm, meZ.

Bgsederue ecnomozamenbHOz0 apzymeHnma

Pemenue 3a7a4 yKasaHHOrO THIIA OCHOBLIBAeTCS Ha Ipeobpa3oBa-
HUM BRIpaXeHHH BHJAA asinx + bcosx B BelpakeHUs Buja Asin(x + ¢),
Acos(x+ ¢) ¢ TOMOLIbIO U3BECTHOH CXEMBI,

Mpumep 8. Pemmte ypaBHeHue sin x +cosx = v/2.

Pewenue. L sinx + L cosx=1 < y

V2 V2

o sin(x+%) =1

N

T_z
= x+z—2+2nn, nez.

T X
Z+2nn, nez.

IIpumep 9. PelnTte ypaBHeHuUe

Omeem: x=

cos3x —sinx = x/§(cosx —sin3x).

Pemenne. cos3x —sinx=+/3(cosx —sin3x) &

& cos3x+ v3sin3x = sinx+ vV3cosx <
1 V3

. 1. V3
= 2cosBx+Tsm3x—zsmx+ 5 COSX =

el sin(3x+%) =sin(x+§) = sin(3x+%) —sin(x+z3t—) =0 &

sin(x— -1%) =0,

= ZSin(x—l—ﬂ2 -cos(2x+£) =0 &
4 T
cos(2x+z) =0

41 (2
x—1—2=1m,neZ, x—12+7m,n€Z,
2x+7 =S+nk, kez — T, Tk

4 — 2 K, x—g-%-?,kEZ.

iy DT, Tk
Omeem: x= 12+7rn, nezZ;, x= 8 + 5 keZ.
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2. 3ameHa nepeMeHHOM

3aMeHa IlepeMeHHOH, KaK IIPaBWIO, MO3BOJIAET CBECTH TPHUTOHOMET-
pHYeckoe ypaBHeHHUe K anrebpanveckoMy (06bIYHO KBagpaTHoMy). Eciu
B YpaBHeHHMH BHJa f (sin x; cosx) =0 (3aech f — paluoHanbHoe anrebpa-
H4yecKoe BblpaXeHHe) B JIeBOM YacTH eCTh TOJIbKO YeTHble CTefieHHd KOCH-
Hyca, TO CJle/lyeT BOCIIO/Ib30BaThCA PaBeHCTBOM cos? x = 1 — sin? x, mocie
Yero CBECTH ypaBHEHHe K aireGpanyeckoMy 3aMeHOH a =sinx, |a| < 1.
AHaJIOTYYHO, €CJIY B JIeBOH YacTH TaKOI'O YpaBHEHHA €CThb TOJIbKO YeTHbIe
CTEIleHH CHHYCa, TO YpaBHEHHe CBOAUTCA K ajirebpamyeckoMy 3aMeHOM
a=cosx, |a]<1. ‘

OaHOpPOAHBEIM YpaBHEHUEM N-Io NOPsAAKa Ha3biBaeTcs ypaBHEHHE BUAA

A ) +an_q fHX)-g(0) +a,_p fT2(x) g2 (x) +...+ag-g"(x) = 0.

HHoraa oHOpOAHOE ypaBHEHHE N-TO NOPA/AKA Ha3bIBAIOT 00HOPOOHbIM
ypasHeHuem n-ii cmenenu. OAHOPOAHOE YpaBHEHHE CBOZUTCA K aireb-
panyecKoMy YpaBHEHHMIO n-ii cTelneHH Nocie JejieHUs obeux yacrteil Ha

n Y o fx)
g"(x) 1 BBeleHHsA HOBOH NepeMeHHOMH t = )" CrnefyeT IOAYEPKHYTD,
YTO MpHU JeNeHNU Ha g"(x) MOXKeT IIPOM30MTH TOTeps KOpHel ypaBHe-
HUfA, M03TOMY 00si3aTesibHON AB/AETCA NpOBepKa TeX 3HA4eHUH X, NpH
KOTOpHIX g"(x) = 0. Ec/iu 3TH 3HaUYeHUA X ABIAIOTCA KOPHAMH HUCXOAHOIO
ypaBHEHHS, TO UX TaKXKe cieflyeT BKJIIOUHTh B OTBET.

Cpezu BceX OJHOPOAHBIX YPaBHEHUIt BhENAIOT ypaBHEHHE BTOPOTro
MOpsZiKa, KOTOpOe CBOAMUTCS K KBaZpaTHOMY YpaBHEHHIO. B mixoabHOM
MPAaKTHUKe BCTPEYAIOTCA TaKKe YPAaBHEHHs TPEThETO MOpsifKa, KOTOphle
CBOAATCS K KybuuecKUM ypaBHeHUAM. [TocieHYe pelaloTes, KaK NpaBu-
JIO, MyTeM TPYIIIHPOBKU M MOCIEAYIOIIEro pasjoXeHWA Ha MHOXUTEJH.
Eoum f(x) = sinx, g(x) = cosx, TO OAHOpPOAHOe ypaBHEHHE BTOPOrO
nopsiiKa UMeeT BUJ

asin®x+bsinxcosx+ccos?’x =0

¥ CBOAMTCA K KBaJpaTHOMY 3aMeHOii z = tg x (Moc/e fefieHus Ha cos? x)
WM z = ctg x (mocJsie Zeienus Ha sin® x). YpaBHeHHe

asin?x+bsinxcosx+ccos?x = d
CBOAMTCA K OJHOPOAHOMY C TIOMOII[bIO TOXAECTBA
d = d(sin® x 4 cos® x)

(uHorza Taxkoe npeoOpasoBaHUE HA3bIBAIOT YMHOMEHUEM HA MPU20HO-
MempuuecKyio eQUHUYY).
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OTaeNbHOro 3aMe4YaHusA 3aCIy)KUBaeT yHUBepcalbHasA TPUTOHOMETPH-
YyecKad NOZACTaHOBKA. Boobine ropops, 1060e TPUrOHOMETPHYECKOe ypaB-
Henye Buga f(sinx;cosx) =0 (f — panyoHanbHOe airebpanyeckoe BhI-
paxeHHe) MOXeT OBITh CBeIEHO K ajirebpanuecKoMy ypaBHEHHIO OTHOCH-

o o X
TeJIbHO HOBO lepeMeHHOM z =tg 5 ¢ MoMoLIbIo GopMyT

2tg3 1-1g*%

sinx = ——~, cosx= 5%
1+tg 3 1+tg 3

(moaToMy Takas MOACTAHOBKA U HA3bIBAETCS YHUBEPCAIbHOI). OTMETHM,
4TO 3TH GOPMYNBL He ABIAIOTCA TOXAECTBAMU: OHHU CIIPAaBEAJIUBEI, TOMb-
KO eciIH cos% # 0. IosToMy ciyyali, Koraa cos% =0, To ecTh KOraa
X =7+ 27n, n €Z, npy pelueHWH ypaBHEHUA 3THM cIocoboM Joi-
JeH OBITb paccMOTpeH OTAeNbHO. EciM Takue 3HaueHUs: X SIBJIAIOTCA
pelleHHsAMH HCXOZHOTO ypaBHeHHA (3TO IPOBEPAETCS MNOACTAaHOBKOM
3Ha4YeHUH X = 7T + 27n, n €Z, B AaHHOE YpaBHEHHE), TO UX TAKXKe ClleyeT
BKJIIOYMTb B OTBeT. TakMM 06pa3oM, pellleHHe YpaBHEHHI C MOMOIIBIO
YHUBEpCAJIbHOH TPUrOHOMETPHYECKOi NOACTaHOBKU Tpe6yeT MOBHILIEH-
HOTO BHUMaHHUsA U OCTOPOXKHOCTH. KpomMe TOro — M 3TO caMoe IJIaBHOe —
JIOBOJIbHO TPYAHO NMPUAYMATh YpaBHEHHE, pellleHHe KOTOPOrO BO3MOXKHO
TOJIBKO C IIOMOILBI0 YHUBEPCANBbHOM TPUTOHOMETPUYECKOL NTOACTaHOBKHY.
Jpyrve crnoco6bl, Kak MpaBWIO, OKasbiBaloTcsA Gosee 3¢d¢eKTUBHBIMU
U KOpPOTKMMH. [103TOMy pPEeKOMEHZOBATh WCIOIB30BaHME YHHBEDCAIb-
HOH TPUTOHOMETPHYECKO! NOJCTAHOBKM B KayecTBe MeTOAA pelIeHUA
ypaBHEHMIT MOXHO JIMIIb CO 3HAYUTEIbHHIMA OTOBOPKaMH.

INpuMmep 1. Peuinte ypaBHeHHE
3tgx+2tgx—1=0.

Peurenue. CzenaeM 3aMeHy tgx =d.

a=-1,
3¢’+2a-1=0 & 1

a=z.

3
i
tgx=-1, x=—z+7tn, nez,
CiezoBaTeNbHO, 1 1

gx=3 x =arctg 3 + 1k, kE€Z.

Omeem: x=—% +7n, n€Z; x:arctg%+nk, keZ.

Tpumep 2. Pemmure ypasHenue 4 cos® x — 2sin? x — 5cosx —4=0.
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Pemenne. 4cos® x — 2sin’x —5cosx —4=0 < 6cos®x —5¢cosx —
—6=0. O603HaynuM a = COs X, 3aMeTHM, uTo |a| < 1. Toraa

a2,
6a’-5a—6=0 < 5
a=-3.
3
3HaueHHe a =5 He y/OBJETBOpSET
yc/I0BHIO |a] € 1. 3HayuT, Yp
__2 2
cosSXx = —§ —3 arccos(—§) ________
& x = iarccos(—-%)+2ﬂn, nez. _/%i
, ESEAA N
Omeem: xziarccos(—g) +27n, : X
neZ.

Ilpumep 3. Pewnte ypaBHeHHE
7+4sinx-cosx+1,5(tgx+ctgx) =0.

Pemenue. O6nactb onpenenenns sinx # 0; cos x #0. Tak kak

. . 2 2
sinx COS X SINn” X +CoS™ X 1
tgx+ctgx = + = + =

cosx = sinx ~ cosxsinx cosxsinx’
ypaBHEeHHE NMPUMET BUJ:

. 3
7+ 2sin2x + Snox = 0;
o6o3HayuM a =sin 2x, |a| < 1. Tonyyaem

a= -3,
7a+2a*+3=0 & 1
a= —5.

. 1
3HaueHHe a=—3 He yAOB/IETBOPSET yCI0BUIO |a| <1, 3HaumT, sin2x=—7.
2x = (—1)"-(— %) +7n, nez.

vy —(_1yn.[ _ T mn
Omsem: x=(—1) ( 12)+ 5 neZz.

IIpumep 4. PemnTte ypaBHeHHUE
2sin? x — 3sinx-cosx — 5cos® x = 0.
Pemrenue. 3amMeTHM, YTO Te 3HAYEHHA X, [IPU KOTOpBIX cosx =0, He
ABJIAIOTCA pellleHUsIMH JaHHOTO YpaBHEHHUA.
Pa3zzienum o6e 4acTH YPaBHEHMA Ha cos’ X, MOMYYHM:
2sin’x  3sinx-cosx Scos’x

cos? x cos? x

- = 2, _ 5
o5’ x 0 & 2tg“x—-3tgx—5=0.
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O603HaYUM a =tg x: 2

3
2’

2a*—3a-5=0 |
a

_1’
WiIn

X = arctg%+ﬂ:n, nez,

x=—§+nk, keZ.

Omeem: x =arctg % +7n, n€Z;
x=-%+nk, keZ. -1
IIpuMep 5. Pemnre ypaBHeHUE Y
sin® x — 14sinx -cosx +4cos’x +4 = 0.
Pemrenne. ITockonbKy
4 = 4(sin® x + cos® x), 4

TO YpPaBHEHHE IIPUMET BH/

sin? x — 14sinx - cosx +

+4cos? x + 4(sin® x + cos® x) = 0,

WIH

5sin®x —14sinx-cosx+8cos’x =0 <
& 5tg’x—14tgx+8=0

(Tak kaK 3Ha4eHMA X, NIPU KOTOPHIX cosx =0, He ABJIAIOTCA pelleHuAMHU

4
tgx=rg,

AaHHOro ypaBHeHHA). ClleJOBaTE/bHO, [ & 5’ 3Hauwur,
tgx=2.

X = arctgg-i—nn, nez,
x = arctg2+ 7k, k € Z.

Omeem: x =arctg g +7nn, n€Z; x=arctg2+ nk, k€ Z.
IIpumep 6. Peurnre ypaBHeHUE

sin® x + 3 sin? x - cos x — sin x - cos® x — 3 cos® x = 0.
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PemeHne. YpapHeHMe ABJIAETCS OJHOPOAHLIM ypaBHEHHEM TpeTbeit
CTelneHH. 3Ha4eHHA X, IPH KOTOPHIX cos x = 0, He ABJIAIOTCS ero KOPHIAMH.
Pasaenus o6e 4acTy ypaBHeHHUA Ha cos® X, ONYYUM

tg’ x+3tg?x —tgx—3 = 0.
[Tycts a =tgx. Toraa

a*+3c°-a-3=0 & a(@®*-1)+3@*-1) =0 &

S (@-1D@+3)=0 & (@-D@+D@+3) © |a=-1,

TO €CThb

e

tgx =1, X=<+4+7n, n€z,

tgx = -1, <
tgx = -3

T
-2 +7n, n € Z,
x = arctg(—3) + nk, k € Z.

Omeem: x::t% +nn, ne€Z; x=arctg(—3) + nk, ke Z.

3. OT6op KOpHeil B TPHrOHOMETPHYECKHUX YPaBHEHHAX

PenieHre HEKOTOPBIX TPUTOHOMETPHUYECKUX YpaBHEHUH ITpe/inonaraeT
oT6Op KOpHeli, yZAOBJETBOPSIOUIMX TeM WIX MHBIM OrpaHUYEHUsAM (Ha-
pUMep, CBA3AHHBIN C OrPaHUYEHHOCTHIO CHHYCA WIM KOCHHYCA: Takue
npUMepbl ObUTH pPacCMOTPEHBI B MpEAB[YIIeM NyHKTe). B HEKOTOpHIX
ypaBHEHHUAX OTOOD KODHEH OrOBOPEeH B YCJIOBUHM WIM JUKTYeTCA J0-
NOJHHUTEJbHBIMM OTPaHUYEHHSIMH: 3HaMeHarelb Apobu He paBeH Hy-
JII0, BbIp@XKEHHeE 107 3HAKOM KODHS YEeTHOH CTeleHH HeOTPHLATENBHO,
BbIp@XXKEHUeE TOA 3HAKOM JiorapudmMa MONOXKUTENBHO U Ap. VcKiIouuB Te
TOYKM, KOTOpble He YAOBJIETBOPAIOT YCJIOBUIO 3aZayd WIH BBEJEHHBIM
OrpaHHYeHUAM, CJIeAyeT 3aMHUCcaTh OTBET B BOBMOXKHO 60/1ee KOMITaKTHOM
dopmMe. g 3TOro cieayeT o6paTUTh BHUMaHUE Ha TOYKH, ABJAIOIHECs
KOHIIAMHM JUaMeTPOB €AUHUYHON OKPYKHOCTH, TOYKH, CUMMETPHYHbIE
OTHOCHUTEJNBHO ocUu abciucce (OHU COOTBETCTBYIOT YMCIaM +a), ¥ TOYKH,
[OJTyYarolecs NocjieA0BaTebHBIMH IIOBOPOTaMH HEKOTOPOH M3 HUX Ha

o 2T
OJIUH M TOT e yTOJI, paBHbIN —E- (p — HaTypasibHOE YHCIIO).

[pu TakoM mogxofe K oT6Opy KOpHei MOXKHO 060iTHCh 6e3 pelieHus
JIMHEHHBIX YpaBHEHHUH B LIeJIBIX UM CIaX. DTU YpaBHEHUA UMEIOT BUJ

ax+by =c,
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rAe a, b, c — uenouncneHHble K03GGUIMEHTH, X H Yy — LieJIOYUCIeHHble
HeW3BeCTHbIe, U Ha3blBalOTCA AMOGAHTOBBIMHU ypPaBHEHUAMH 110 MMeHHU
JpeBHerpedeckoro yyeHoro Jluodanra, xusiuero B I Beke. JuodpaHTOBHI
ypaBHEHHMA UMEIOT, KaK NpaBWIO, MHOTO pellleHWH, U MO3TOMy UHOTAa
HX Ha3BIBAIOT HeOoNpeZej]eHHBIMH YypaBHeHUAMHU. M3joxeHHe obuiero
MeToJa pelleHus JUHEHWHBIX AUo(aHTOBLIX ypaBHeHHH 3aliMeT MHOTO
MecTa (fa OHO U BBIXOAWT 3a PaMKH LIKOJbHOH MpOrpaMMbl). 3aMeTHUM
JIMILb, YTO NpU OT6Ope KOpHeill TPUTrOHOMETPHYEeCKUX YpaBHeHHi Ge3
VICTIOIb30BAHUA TPUTOHOMETPUYECKOH OKPYXXHOCTH OOBIYHO JOCTATOYHO
HCIIOABb30BaTh CBOMCTBA AEMTMMOCTH LieJIBIX YHMCEN, U B YACTHOCTU CBOM-
CTBA YeTHOCTH U HeueTHOCTH. [TokakeM Ha NMpUMepe, KaK NPUMEHSAIOTCA
STH CBOMICTBA.

[lycTh, HanpUMep, HYXXHO HAaWTH pelleHNs ypaBHEHUA
ypaBHEHHEe PaBHOCWIBHO CHCTEMeE

sin 8x
sinx

=1. 310

sin 8x = sinx,
sinx # 0.

. 2 T 2mn
TaxuM o6paszoM, U3 pellleHui x = FAM U X =5 + =g YpaBHeHMA CH-
CTeMBl HYXXHO HCKIIOYUTDL Yucia x =tk (m€ Z, n € Z, k € Z). Haitgem

2
CHauana, MpU KakuX UENEIX m W k BBIMOMHAETCH PAaBEHCTBO Z7tm = k.

JTO paBEHCTBO JIETKO NIPUBOAUTCA K BUAY 2m = 7k. JleBasi 4acTb mocies-
Hero paBeHCTBa ABJIAETCA YeTHHIM YU CIOM. [103ToMy npaBas yacTh Takke
JO/DKHA ObITh YETHBIM YHCJIOM, 4TO BO3MOXHO, TOJIbKO €M k sABIAeT-
¢ YeTHBIM 4MCJIOM, TO ecTb k = 2[, [ € Z. Ilpu stom 2m =7 - 21, oTKyza
m=7l. ClegoBaTeibHO, Lejble YUCIa BUAA M = 7] HY)XHO UCKIIOYUTD U3

o 2 o
peuleHU#t x = 5 wm. [lasee HaiieM, IIPU KaKUX LeJIBIX N ¥ K BBITIOJMIHAETCA

7
PaBeHCTBO g + 2% = mtk. DTO paBEeHCTBO MPUBOAMUTCA K BHAY 2n+1=9k.

JleBas 4acThb [IOC/IEJIHETO paBeHCTBA SB/ETCA HEYeTHRIM YMcIoM. [ToaTo-
My IpaBas 4acTb TaKXe JO/DKHA ObITh HEUETHBIM YHCJIOM, YTO BO3MOXK-
HO, TONBKO €CJIH K IBJISETCA HEYeTHBIM YHCIOM, To ectb k=2l +1, [ € Z.
IMpu atom 2n + 1=9(2l + 1), oTkyaa HaxoauM, uro n = 9l + 4. Cregona-
TEJIbHO, LeJible Ylica Buza n =9l 4+ 4 HyHO TaKKe HCKJIIOYUTD U3 pelle-
HuA. PaccyxzAan aHalOrMYHO, B GOMBIIMHCTBE CJy4aeB IIPU OTGOpe Kop-
Hell AeHCTBUTENbHO YAAETCS OTPAHUYUTHCSA IPUMEHEHHEM CBOMCTB JE/IH-
MOCTH LieJIbIX YHCe, a He penaTh ZU0(QaHTOBH ypaBHeHHA B 06IeM BUe
(HanoMHMM, 4TO APYTOoii croco6 oT60pa OCHOBAH Ha HCIIONB30BAHUH TPH-
TOHOMETpPHUYECKOH OKPYKHOCTH). B 60/ee IPOCTHIX CIy4aax AOCTATOUHO
YMEHHA IPaMOTHO CTPOMTb COOTBETCTBYIOIUE paccyaeHus. [Ipusesem
pellleH1s] HEKOTOPHIX YpaBHEHUIA.

& VNarHeHUa U furTeMn VDARHEHWA
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Ipumep 1. Pemute ypaBHenue /9 — x2 cosx =0.

Pemenue. v/ 9—x2cosx=0 <

2 x = %3,
9-x"=0, n x = %3,
And cosx =0, < =5 +mn, nez, < L
x==x=.
9-x2>0 -3<x<3 2

Omeem: £3; :i:g.
IIpumep 2. Pemnte ypaBHeHUE

(sinx-%—g)-\/3x2—7x+4= 0.

Pemenue. [IpousBeZieHMe ABYX BBIP@XXEHHH PaBHO HYJIIO, €CIIH XOTH
ObI OAHO U3 HUX PABHO HYJIO, a IPYTOe NPH 3TOM He TepsieT CMbICTIa:

(sinx—@)- 3x2-7x+4=0 &

V3 i x=(—1)"'£+7m nez,
sinx = 5,
5 (x— 1)(x——) =0
= Ix“-7x+420, & =1
3x2—7x+4=0 .
x=3.

Mockonbky 3< T <4,T0 1< g— < g [MoaTomy n #0.

Omsem: {1; %}U{(—l)"~§+nn, nez, n;éO}.
IIpumep 3. Peurnte ypaBHeHUe

| cos x +sin x| = v2sin 2x.
Pemenue. |cosx+sinx|=+v2sin2x <

[ sin2x =1,

. 1
sin2x =—5 <

{ (cos x +sinx)? = 2sin? 2x,
2

sin2x =2 0
sin2x = 0

& sin2x =1 & 2x=g+27m, neZ.

Omeem: x=%+7tn, ne€’z.
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Ipumep 4. Pemmuth ypaBHeHHUe (2cos®x —cosx)y/—11tgx=0.

Pemtenue. TIpousBefeHue ABYyX MHOXHUTeJEH paBHO HYJIO, €CIH XO-
Ts 6B OAMH M3 HUX PaBeH HY/I10, a APYTOH IIpU 3TOM He TepsAeT CMBIC/A.
[Mo3ToMy JaHHOE ypaBHEHHE PAaBHOCHJIBHO COBOKYTTHOCTH

2cos®x —cosx =0,

tgx <0,
cosx # 0,
tgx =0.
1
U3 ypaBHeHus 2 cos? x — cos x = 0 o/Ty4aeM cosx = 3 umbo cosx =0 (uro
1
MPOTHUBOPEYUT YCJIOBHIO COS X 7# 0). PellleHUAM ypaBHEHHSA COS X = 5 CooT-

BETCTBYIOT JBe TOYKH €JUHUYHON OKPY)KHOCTH, OJHA U3 KOTOPBIX JIEXXUT
B IIepBOIi YeTBepTH (M 3HAYMT, JJI1 Hee HEPABEHCTBO tg X < 0 He BHINONHA-
ercs), a Jpyrasi — B YeTBePTOil yeTBePTU (A1 Hee HepaBeHCTBO tgx <0
BBITOJIHAETCS ¥ pellleHWe ypaBHeHHA JaeTcs GopMysol x = —% + 27n,
n € Z). Teneps 0CTaNIOCh BBIMIHCATh PeLIEHHE NPOCTeHIIero TPUrOHOMET-
pUYecKoro ypaBHeHHs tgx =0, T. e. x = 1k, k € Z, 1 3anucaTh OTBeT.

Omeem: x=—§+2nn, ne€z; x=mnk, keZ.
26c0s?x — 23 cosx +5

13sinx —12

Pemienne. IpoOb paBHaA HY/II0, ECJIU YHCIHUTENb paBEH HYJIIO, a 3HaMe-
HaTeJIb He paBeH HyJ/II0 U He TepsieT cMbIcia. [I03ToMy JlaHHOe ypaBHeHHe
PaBHOCWIBHO CUCTEME

IIpumep 5. Pemiutek ypaBHEeHHE =0.

26cos®x —23cosx+5 =0,
. 12
sinx # ==,
# 13
PellMB ypaBHeHMe CHCTEMBI KaK KBaJPaTHOE OTHOCHTETBHO COS X, HAXo-

AWM COS X = % 6o cosx = 15—3 Ecnn cos x = l, TO sinx = :I:? Y HepaBeH-
CTBO sinx # % CcUCTeMBI BrinonHAeTCA. CleJoBaTeNbHO, X = :i:% + 27k,
k€ Z. Ecnn cosx = %, TO sinx = :l:%. B saToM ciiydae ¢ ydeTom Hepa-
BEHCTBA sinx # % CHCTeMBI NOJy4aeM, YTO U3 ABYX TOYeK eJUHHYHOM

5
OKPY)KHOCTH, COOTBETCTBYIOLIMX pELIeHUAM yPaBHEHUA COSX = 73, HyX-

IS
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oo 12 "
HO OCTaBHUTb TOJABKO Ty, AJIsI KOTOPOH SInX = “13 JTO TOYKa YeTBepToi

5
4ETBePTH, U pellieH1e yPaBHeHUA HMEeeT BUJ[ X = — arccos 15 + 2nn,n€Z.

Omeem: x::t%+27tk, kez; x=- arccos 73 +27'm nez.

Crneaymolye Tpy NpUMepa WUTIOCTPUDPYIOT HEKOTOpre 13 BO3MOXHBIX
crioco6oB 0653aTeIbLHOTrO 110 YCJIOBHIO 0T6Opa KODHEH B TPUTOHOMETDH-
YeCKUX YpaBHEHHAX: 0T6OP C TOMOIIBIO OLIEHKH, OTOODP € TOMOILBIO eAH-
HUYHOM OKPYXXHOCTH, OTOOP C MOMOUILIO HEPABEHCTB.

CHayasia pacCMOTpPUM OTHOP KOPHEH € TOMOIIBIO OLIEHOK.

[pumep 6. PemnTe ypaBHeHHe 2tg% x — + 8 =0 u ykaxure Te

cosx
. s

U3 €ro KOPHEH, KOTOpble MPUHAAJIEXAT OTPE3KY | — 5 n] .

sinffx _1-—cos’x 1

cos? x cos? x cos? x

+ 6 =0. PemiuB ypaBHeHHE Kak

1 3

=2 w4 — =3,

cosx’ cos x cosx 2

1
OTKyZa COSX = 5 WIM COSX = 3. TakrM 00pa3oM, pelleHHAMH AaHHOTO

ypaBHEHMA ABJAIOTCA BCE X = :l:% + 27k, k € Z v x = Zarccos % +2nm,
meZ.

Otr6epeM KOpDHM ypaBHEHUs, NPUHAjIeXKallHe OTPe3Ky [—%; n] .

PeuleHue. tg?x= — 1. TloaTOMY YpaBHEHHE
g yyp

2
MOJKHO Iepenucarb B BUAE —5— —
P HAC ostx ~ cosx

KBaApaTHO€ OTHOCHUTEJNbHO ——, NOJYyUYUM, 4YTO

V3 yuces BUAa x = % + 27k, k € Z, naHHOMY OTpe3Ky IIpUHAJIEKUT
UMb X = g (k=0), Tak Kak npu k > 1 oNyYuM, YTO X > 27, aIPpU K < —
HONY4YHM, 9TO X < —TT.

V3 yuncen BUAa X = —g + 27k, k € Z, naHHOMY OTpPe3Ky IIPHUHAAJEXKUT

s
MM X =~ 7 (k=0), Tak xak npu k = 1 noay4uM, 4To X > 1, anpu k < —1
MOJYYUM, UTO X < —27T.
2

W3 uncen Bujga x = arccos 3 + 27tm, m € Z, JaHHOMY OTpE€3Ky IpH-
HaZJIeXXUT JIMIIb X = arccos 3 (m 0), Tak Kak npy¥ m 2 1 noay4udM, 410
x>2m,anpum< 1HOJIY‘{HM qTox< .

U3 yucen BUAa x = — arccos § + 27m, m € Z, JaHHOMY OTPE3KYy NpH-

2
Ha/JJIeXHUT JIMIIb X = — arccos 3 (m=0), Tak KaKk np1 m = 1 NOay4YUM, 4TO
X>m,anpums< lnonquM YTO X < —27T.

2
Omeem: x=:h% + 21k, k€ Z; x::tarccos§ + 2mm, m € Z; —g;
- 2, recos 5 =
arccos ; arccos 3; .
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Tenepb NPOWLIIOCTPUPYEM OTGOP KOpHEH C MOMOIIbIO €AMHMUYHON
OKPYKHOCTH.

IIpumep 7. [JlaHO ypaBHeHuUe cos(g—;£ + Zx) =CosX.

a) Pemyre ypaBHeHUe;

6) yKkaxxuTe KODHUM ypaBHEHUsA, MPUHAJJIeXallHe OTPE3KY [§2£, 471] .

Pemenwue. a) Bocronb3oBaBuinch GopmMysioit npuBesieHus, epeiaem K

yPaBHEHHIO sin 2x = cos x, OTKyza 2 sin x cos x — cos x =0. [Tocne BeIHECE-
HHfA 06HIETO MHOXUTEA MOyduM cos x (2 sinx — 1) =0. 3Hayut, cosx =0
Wiy sinx = % TakuM 06pa3oM, KOpPHAMU JAaHHOTO YPaBHEHUS SABIAIOTCA
BCE x=—723+7'ck, keZ,x= % +2mm, meZ, x= % +2nl,leZ.

6) OT6epeM KOpHU ypaBHEeHUs, NPUHAJ- A

Sm 57
JieXalue OTpesKy [—2—;47r]. JAna sToro >
Ha eJUHHUYHOM OKPY)KHOCTH OTMETHM Jy- 177 137
Ty, COOTBETCTBYIOLIYKO AAHHOMY OTPE3KY 6 6
(HanOMHMM, 4TO HalpaBj€HUE «OT MEHb-
mero K 6oJblIeMy» —3TO HarpabJeHHe 4r

MIPOTHUB YaCOBOM CTPEJKU), U TOUKH, COOT-
BETCTBYIOLME HalIeHHBIM B NPeAbIAYIIEM

MYHKTe KODHAM YpaBHEHUSI. 7
TakuM 06pa3oM, KOPHAMH YpaBHEHHS, )
MpUHAJJIeXAUMH OTPe3Ky [577[ 47‘[] , AB-
sm. 17m, 7n
TAOTCA 55—

Omeem: a) x=§+nk, keZ,x= % +2mrm,mezZ, x= 5—673 +2nl,l€eZ;
6) 2%, 15, 78

B 3akioueHue MpHUBEJEM NpHUMep pelleHus ypaBHEeHHUsA, B KOTOPOM
0oT6Op KOpHEil BHINOMHEH C IOMOILBIO HEPABEHCTB.

Mpumep 8. Pemure ypaBHeHHe 6cos’x — 7cosx — 5= 0. Ykaxure
KOPHH ypaBHeHUs1, NpUHaJjexalne orpesky [—m; 27].

PeweHue. CejiaB 3aMeHy y = COSX, MOJYYUM KBaJpaTHOE ypaBHe-

1 5
HHe 6y% — 7y — 5=0, KOPHAMHU KOTOPOTO ABJAIOTCA YHC/IA —5H3.
S . 1
YpaBHeHUe Cos x = 3 He MMeeT pelleHuH, a U3 yPaBHEHHUA COSX =—3

HaxoAuM x=—23—”+27rk, keZ wm x= z?ﬂ +2mm, meZ.
OrbepeM KOpHH, NMpUHAAJEXKAIUUE OTpe3Ky [—7; 27], pemuB Hepa-
BeHCTBA —TT < —gg—r+27tk<27'c, k€eZ,n—n< %E +2mm<2n,meZ. U3
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HepaBeHCTBa — 7T < 3 +277:k 27 nory4aem ——$k$§.3naqm,k=0
27
HX=—?,JIH6O k=1 nxz% V13 HepaBeHCTBa —ﬂSZTn-ﬁ-anSZn
nosyyaem —%<m . 3HauuT, m= Onx—%{.
2T . _2n 27 4n
Omeem.x—:i: 3 +2nn,neZ, 35353

4. IlpuMmeHeHHe cBOHCTB yHKIHIA
PellleHre HEKOTOPBIX TPUTOHOMETPUYECKUX YPaBHEHHH OCHOBAHO Ha
CBOMCTBe OrpaHMYEHHOCTH CHHYCa M KOCHHYCA.
Ipumep 1. Pemmre ypapHenue sin'% x +cos!® x=1.
Pewenue. ITockombky sin® x +cos? x =1 u sin'® x <sin? x, cos'® x <
< cos? X, TO
sin'% x 4+ cos'% x < sin® x + cos?® x,

TO €CTb

sin'® x +cos!®x < 1.

PaBeHCTBO gocTuraeTcs, TONBKO €C/IH OAHOBPEMEHHO BBINTOJHEHBI YCJIO-
BHA:

sinx =0, sinx = 0,
sin'% x = sin? x, sin®x =1 cos’x =1,
100 = =
c0s'% x = cos?® x cosx =0, cosx =0,
cos’x =1 sinx = 1

mn
<=>X=7,TIEZ.

Omeem: {Ezﬂ, ne Z}.
Ipumep 2. Pemute ypaBHeHHe sin 5—21 =x2—4x+5.

Pemtenue. PaccMotpuM dyHkuMio y = x? — 4x + 5. Vimeem y =

=(x—27?+1wuy>1 npu mobom x € R, Ho sm5—4— 1 mpu mo6om
X. YpaBHeHHE MOXeT UMETb PelleHHs, TONbKO eCiu
(x—2)*+1=1, x=2,
Smx = 57x & x=2.
sm—4— =1 smT =1

Omeem: {2}.
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Ipumep 3. Pemure ypaBHeHHe cos 2x +cos(2v2x) =2.
Penrenue. cos2x +cos(2vV2x)=2 <

2x=21n, n€ Z, X =T7n, n € Z,

{2\/§=2nk, kez, < {\/Ex=1'tk, k €Z.
Ecmu n=0, To x =0 — pellleHy€ CUCTEMBI.
Ecau n#0, To x#0.
Torza % = %’ TO ecTb V2= % V2 — uppauuoHabHoe, % — pauu-
OHaJIbHOE YHCJI0. PaBEHCTBO HEBO3MOXKHO. [1py n # 0 pelieHui HeT.
Omeem: {0}.
IIpuMep 4. Peiurte ypaBHeHHUE
x?+4x cos(xy)+4=0.

Pemienue. PaccMoTpuM JaHHOe ypaBHEHHe KaK KBajpaTHoe. JIMCKpH-
MMHAHT YpaBHEHUA paBeH

D = 16cos®(xy) — 16 = 16(cos*(xy) — 1) = —16sin®(xy).
YpaBHeHUe HMeeT pellleHue, ecliu
—16sin?(xy) = 0 ¢ sin(xy) =0 & xy =nn, n€Z.

Torga npu n=2k+ 1, k€Z: cos(xy)=—1u X’ —4x4+4=0 & x=2.
AHanoruyHo npu n=2k, k € Z:

cos(y) =1, x’+4x+4=(x+2)2 =0, x=-2.

HNmeem
x=2, =_2;
xy=27‘tk,k€Z, }’=7Tk,k€Z,
(=11
x=-2, x=2,
{xy:(zk'f‘l)ﬂ:,kez, {y:—n(k-{-%),kez,

Omeem: {(—2; —nn) InGZ}U{(Z; n(k+%)) IkGZ}.

5. YpaBHeHus1, cofepkauiie o6paTHbie TPHTOHOMETpHYECKHe
byHxkumu

3azauM, cBA3aHHBIE C 06paTHbIMH TPUTOHOMETPpHYECKUMHU ¢y’HK11H-
SIMH, 4aCTO BBI3BIBAKOT y IIKOJBbHHKOB CTApIIHUX KJIACCOB 3HAYUTEC/IbHBIC
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TpyAHOCTU. CBA3aHO 3TO MpeXKAe BCEro ¢ TeM, YTO B JeHCTBYIOMINX yueb-
HUKax ¥ y4eOHBIX MOCOOMAX NOAOGHBIM 3ajadyaM yAessieTcss He CIMIIKOM
6osbl110€ BHUMaHUe, U eCJM C 33Ja4aMU Ha BEIYUCIIeHHe 3HaYeHUid o6part-
HBIX TPUFOHOMeTpHUYeCcKUX QyHKIMH yJaluecs ellle KaK-TO CIIPaB/IAI0TCH,
TO YpaBHE€HHA U HEpAaBEHCTBa, coAepiKalllke 3THU QJYHKLU/II/I, HEepeaKo CcTa-
BAT MX B TynUK. IlocjesHee HeyAUBUTENLHO, MOCKONbKY NMPaKTHYeCKU
HHA B OZHOM y4yeGHMKe (BKIO4ast y4eOHUKH AJs KIaccoB ¢ yriybieH-
HbIM M3y4eHHEM MaTeMaTHKU) He U3JaraeTcs MeTOAHWKA pelleHus Aake
[poCcTeHIINX YpaBHEHUIl M HepaBeHCTB TaKoro poza. Marepuan aToro
MyHKTa, [OCBSUIEHHBIM MeToZaM pellleHus YpaBHEHHWH, cozeprKaljux
oOpaTHble TPUTOHOMETpHYecKHe OYHKIWH, NPH3BaH B KaKOU-TO Mepe
BOCIIOJIHUTD CYIIECTBYIOUIUH pobet.

BHayase HanoMHMM BakHeMH1IHe CBONCTBA 0OpaTHEIX TPUTOHOMETDH-
YyecKUX GYHKUMH.

1. dyHKIUA y =arcsin X onpezesieHa H MOHOTOHHO BO3pAcTaeT Ha OT-
peske [—1;1];

arcsin(—x) = —arcsinx; E(arcsin) = [—%; g]

2. (I)YHKI_H/IH Yy —arccosx onpeaeﬂeHa U MOHOTOHHO Y6bIBaET Ha OTPGB-
ke [—1;1];

arccos(—x) = m—arccosx; E(arccos) = [0; «].

3. dynxuua y =arctg x onpezeseHa ¥ MOHOTOHHO Bo3pacTaeT Ha R;
T
arctg(—x) = —arctgx; E(arctg) = (—3; f)'

4. dyHKUMA y =arcctg x onpejeieHa U MOHOTOHHO yObIBaeT Ha R;

arcctg(—x) = m—arctgx; E(arcctg) = (0; 7).

5. arcsin x +arccos x = g ; arctgx4arcctgx = g .

CBoiicTBa MOHOTOHHOCTY U OT'PAHUYEHHOCTH SIBJIAIIOTCA KJIHOUEBBIMH
IpH pelleHUH MHOTHUX YpaBHEHMH, cofepikaliux o6paTHblE TPUTOHOMET-
puueckue ¢pynkuuu. [lepefiiemM Kk pacCMOTPEHHIO METOJOB pellleHUA 3TUX

ypaBHEHUH.
YpasHeHus, 1e8as u npasas 4acmu KOMopbLX S8AR0MCS 00HOUMEHHbIMU
06pamHbIMU MPUZOHOMEMPUUECKUMU PYHKYUAMU

PelleHne ypaBHEHHUI1, ieBasi ¥ NpaBas YacTU KOTOPBIX NPeACTaBIAIOT
co60i1 OAHOMMeHHbIEe 06paTHEIE TPUTOHOMeTpUYeckue GyHKIINY pas3ind-
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HBIX apryMeHTOB, OCHOBBIBA€TCA NPEeX/Je BCEr0 Ha TAKOM CBOMCTBE 3THX
$yHKUHMH, KaK MOHOTOHHOCTh. HaloMHMM, 4TO QYHKUMH y = arcsint u
Yy =arctgt MOHOTOHHO BO3pacTaloT, @ PYHKIMH y =arccost ¥ y =arcctgt
MOHOTOHHO yO6bIBalOT Ha CBOMX 06JacTAX onpezesneHus. [ToaTomy crpa-
BeZJINBHI C/IeAYIOIHe PAaBHOCHWIbHbIE IIePeXOAHI.

fx)=gx), - {fCX) =g(x),

- aresin f () =aresing () < {b‘(x)ISl gGII< 1

flx)=g(x), - {f(X) =g(x),

2 arccosf(x) Zarccosg(x) & {If(xnsl gGI< 1.

3. arctg f(x)=arctg g(x) & f(x)=g(x).

4. arcctg f(x)=arcctg g(x) & f(x)=g(x).

3ameuanue 1. Kakoif u3 JByX paBHOCWIBHBIX CUCTEM IOJb30BAThCA
IIDH pellleHNH ypaBHeHHWH 1 M 2, 3aBUCHUT OT TOro, Kakoe HepaBeHCTBO

npouwe: |f(x)| <1 (Torza ucrnons3yeM nepeylo cucremy), wid |g(x)| <1
(B 3TOM CITy4ae UCMONb3yeM BTOPYIO CHCTEMY).

IIpuMep 1. PemiuTb ypaBHeHHE
arcsin(3x? —4x — 1) = arcsin(x + 1).

PemreHue. YpaBHeHHe DaBHOCWIBHO CHCTEME

x=2
3x?—4x—-1=x+1, 3x2-5x-2=0, [ 1
= X=-= &
x+1] <1 lx+1] <1
x+1/ <1
o x=—1
1 3
Omsgem: {—5}.

3ameuanue 2. PelllaTb HepaBeHCTBO CHCTeMbI, BOOOIle roBops, He
06s3aTenbHO. JJOCTATOYHO NMPOBEPHUTD, YAOBAETBOPSIOT JIH HEPABEHCTBY
HaiJleHHble KODHH YpaBHEHHs, KaK 3TO M OBUIO CAENaHO NMPH peLIeHUuH
npumepa 1.

IIpumep 2. PemiuTh ypaBHeHHUE

arccos(4x? — 3x — 2) +arccos(3x2 — 8x — 4) = 7.
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Pemienue. Tak kak 7 — arccost = arccos(—t), TO UMeeT MeCTO CIefy-
Iollas LenoyKa PaBHOCWILHBIX ITpeobpa3oBaHMi:
arccos(4x? —3x—2) = m—arccos(3x2 —8x—4) <
& arccos(4x? — 3x — 2) = arccos(—3x>+8x+4) <
4x?-3x—2 = -3x?+8x+4, 7x*—11x-6 =0,
2 And 2
[4x“—-3x—2| <1 |[4x“—3x—-2| <1
x=2

3
Omsem: {— 5 } .
AHajoru4Hble paBHOCHIbHBIE TPe0OpPa30BaHWsA UCIIONB3YIOTCA U IIPH
pelIeHHH 3a/ay ¢ apaMeTpaMH.
ITpumep 3. PewuTh ypaBHeHHE C IapaMeTpPOM a:
arcsin(ax? —ax + 1) +arcsinx = 0.
Pemienne. YpaBHeHHe PaBHOCWIbHO YPaBHEHHIO
arcsin(ax? —ax —1) = —arcsinx <
& arcsin(ax? —ax — 1) = arcsin(—x) &
ax?—ax—-1=—x, ax’~(a-1Dx—-1=0,
=
l—x] <1 |—x| < 1.
PaccmoTpuM ABa ciydas:
1) a=0. B aToM cinyyae cucTeMa NpuUMeT BUA:

x—1=0, o x=1
x| <1 x=1.

2) a#0. B aTOM C/1ydyae ypaBHEHUE CHUCTEMBI! ABJACTCSA KBaJpaTHBIM.
Ero xopnu:

1
=1 1 x;=-2

Tak Kak |x| <1, To

|—c1—1‘s1 o la =1

Ecin a= -1, To x, =x; = 1. Ecm a € (—»; —1) U [1; =), To ypaBHEHUE
VMIMeeT 1Ba KOPHA.

Omeem:npuac (—»; —1)U[l; o) x=1 HX=—%; npua=—1lua=0
Xx =1; MpH NpOYMX a pelleHUH HeT.



§ 4. TpUroHoMeTpHUYeCKHe ypaBHEHUA 75

YpasHenus, nesasn u npasas yacmu KOMOPbLX A8AAOMCA PAZHOUMEHHIMU
06paMHBIMU MPUZOHOMEMPUHECKUMU PYHKYUAMU

I[1pu peleHNH ypaBHEHMUI, JieBasd U MIpaBas YacTH KOTOPHIX ABJAIOTCA
Pa3HOMMEHHLIMY 0OpAaTHHIMKU TPUTOHOMETPHYECKIUMHU GYHKIMAMU, N10/Ib-
3yIOTCS U3BECTHBIMH TPUTOHOMETPUYECKHMU TOXAEeCTBaMH. JTa Ipymnna
3aZad ABMAETCA YYTh OoJlee CIOKHOM MO CpaBHEHHUIO C MpeAblayleid. [1pu
pellieHNH MHOTHX yPaBHEHHi TaKoro poAa GbIBaeT lienecoobpasHo He 06-
CYXJaTh BOIIPOC O PaBHOCWILHOCTH Ipeobpa3oBaHUi, a cpasy epexo-
JIMTb K YPaBHEHHUIO-CIEACTBHUIO U TIOCJIE €r0 pellleHUA JeaaTb Heo6XoAH-
MYIO IIpOBepKy. PaccyxaeHus 31ech MOTYT OBITH IPUMEPHO CIeYIOLIUMHU.
[MycTth Tpebyercs pemnTh ypaBHeHMe arcsin f(x) = arccos g(x). IIpearo-
JIOXKUM, YTO Xy — pellieHHe 3Toro ypaBHeHus. O603Ha4yuM arcsin f(xg) =
= arccos g(x,) yepe3 a. Toraa sina = f (x,), cosa = g(x,), oTkyaa f2(x,) +
+ g2(xy) = 1. Urak,

arcsin f (x) = arccos g(x) = f2(x) +g%(x) = 1. ¢))
Paccyziaf aHa/IOTUYHO, MOYXKHO MOMYYHTh CIeAYIOMIUE TIEPEXOAbI:
arctg f (x) = arcctgg{x) = f(x)gx) =1 @
(ucronb3oBana popmyna tgactga=1);

1

. _ 2008y 1
arcsin f(x) = arcctg g(x) = f*(x) = 200 +1 &)
.2 1 .
(ucnonb3oBaHa popmysna sin? @ = agZat1 );
. 1 — 52
arctg f (x) = arccos g(x) = FooTi =8 (x) 4)
2,1
(ucnonb3oBana popmyna cos? o = watl );
arcsin f(x) = arctg g(x) = f2(x) = £ &)
g20)+1
.2 tgz a ..
(ucnionbsoBaHa popMyina sin’ a = watl );
arccos f (x) = arcctgg(x) = f%(x) = O (6)
2200 +1

ctg’a

ctg2a+l)'

(ucnonb3oBana popMyna cos? a =



76 § 4. TpuroHomMeTpHYeckie ypaBHEHHUA

Ykasanue. KopHeM kaxzoro us ypasueHuii (1)-(4) MmoxeT GBITh TOMb-
KO TaKoe YHCIO Xy, AN KoToporo f(xg) =0 u g(xy) = 0. B mpoTMBHOM
cJIyyae MHOXKECTBO 3HaueHHil JIeBOH U mpaBoy yacTell ypaBHeHUA He Iie-
peceKaroTcsl.

INpumep 1. PemnTs ypaBHEHHE arccos 7)(1; 2~ arcsin 4x1':',: L .
Pewmenue.
7x+5 _ . 4x+1 O r7x4+5)2, (4x+1)2 _
arccos — 3~ = arcsin — ( 13 ) ( 13 ) =1
x=1,
& 65x°+78x—143 =0 & 143
=65

143
KopeHb x = ——z sAB/AeTCA NOCTOPOHHUM.

65
Omeem: {1}.
Ipumep 2. Peluuts ypaBHeHHe arcsin = 3’;+2 =arcctg 4/ ;f_—l-
Pewenne.
. /3x+2 _ 2 @ 3x+2 1
arcsin —— =arcctg/ 7 = ~ 3 _H__z_(:)

x+1
X s
& 3%+ 7x+2=0 & [ 3

KopeHb x = —2 sAB/IA€TCA NOCTOPOHHUM.

Omeem: { - % } .
Mpumep 3. Pewnts ypaBHeHHe arctg (2 sin x) = arcctg(cos x).
Pewenue.

. @ .
arctg (2sinx) = arcctg(cosx) = 2sinxcosx =1 &
o sin2x=1 & x=%+7tn, nez, <
x=-+27‘[n1, HIEZ,

x = Z7I+27rn2, n, € Z.

5
KopHu BUaa x = 5 T+ 27tn,, n, € Z, ABAAIOTCA TI0OCTOPOHHUMH.
4 2 2

Omeem: {x = % +27n,|n; € Z}.
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[py pemleHMH ypaBHEHMH JaHHOTO THUIIA, COJAEP)KallMX MapaMeT-
PBl, CTAHOBHUTCS aKTyaJbHbIM BOIPOC O PaBHOCWIBHOCTH Npeobpa3oBa-
Huit. YTo6sl npeobpasosanus (1)-(4) caesnaTh paBHOCHIBHBIMH, CIEAYET
y4YeCTb €CTeCTBEHHbIe OrpaHHYeHHs, CBA3aHHbIE ¢ 00JacTAMH Ompeze-
JieHUsi OOpaTHBIX TPUTOHOMETPUYECKHUX (YHKUIMIA M MHOXECTBAaMH HX
3HayeHMi1 (cM. 3ameyanue). Tak, HarpuMep,

A +g20) =1,
arcsin f (x) = arccosg(x) < { f(x) =20,
g(x) = 0;

f)gk) =1, - f)gx) =1,
f(x)>0 g(x) > 0.

arctg f (x) = arcctgg(x) < {

IMpumep 4. PewnTh ypaBHeHHe ¢ mapaMeTpoM a: arcctg(x — 2a) =
=arctg(2x —a).

PewteHne. JlaHHOe ypaBHEHHE PaBHOCWIBHO CUCTEME

(x—2a)(2x—a) =1, - 2x? —5ax+2a*-1=0,
x—2a>0 x > 2a.

I'padukoM KBagpaTHOro TpexwieHa f(x) =2x? — 5ax + 2a® — 1 spnseres

napa6osa, BeTBH KOTOpOii Harpas/ieHbl BBepX. [Tockonbky f(2a)=—-1<0,

To mpu J060M a ypaBHeHUe f(x) =0 uMeeT POBHO 2 KODHA, MEXAY KO-

TOPEIMM M 3aKII0YEHO YUCIO 2a. [To3TOMy ToNbKO Gonbinuii KopeHsb f(x)

5a+ v/9a%+8

VAOBJETBOPSET YCIOBHIO X > 2d. ITO KOPEHb X = 7

5a+1/9a%*+8

Omeem: npu job6oM a x = 7

3amena nepemeHnHoll

Hekorophle ypaBHeHMA, COAepxalliyde oOpaTHble TPUTOHOMETpHYe-
CKUe QYHKIIHH, MOXHO CBECTH K airebpandyecKkuM, ciejiaB COOTBETCTBYIO-
1y10 3aMeHy IlepeMeHHOM. [Ip1 3TOM ciieZiyeT MOMHHUTB O €CTECTBEHHBIX
OrpaHUYEHHUAX Ha BBOAMMYIO NlepeMEeHHYIO, CBA3aHHBIX C OrPaHMYEHHO-
CTbI0 0OpaTHBIX TPUTOHOMETPHUYECKUX PYHKLIUM.

Ipumep 1. Pemuth ypaBHeHue 12 arctg? % =r (37r + 5arctg %) .
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X T U
Peurenme. O6o3HauuM arctg 5 uepest; —5 <t<7. [Tocne npeobpa-
30BaHUH NMOJyYUM ypaBHEHUeE

_3
122 =571t —-3n2 =0 < 4n
t= -3
T X T
TMockoneky —3 Tee<Z 2, monyyaeM t = —7, OTKyAa arctgy = —3

= £=—\/_<=>x——2\/_

Omsem: {—2+/3}.

VHorza cBecTH ypaBHEHHEe WIM HepaBeHCTBO K ajirebpanyeckoMmy
MOXXHO C IMOMOIIbIO TOX/JECTBa arcsinx 4+ arccosx = g (Jx] < 1). B ka-
yecTBe INpMMepa pacCMOTPUM pelleHHe 3aJa4du 8 JHarHoCTUYeCKO#
pa6otsr 1.

Ilpumep 2. PemnThb ypaBHeHHe arcsin x (4 arcsinx + 3 arccos x) = 2.
. Y .
Pewrenne. 3arcsinx + 3arccosx=3- 5 O6o3HayuM a = arcsin x, rge

aé[ 5 2} Toraa

V14
a=75,
a(a+3—n)=ﬁ2 @a2+3—na—n2=0¢: 2
2 2 — —on
Takum o6pazom, arcsinx = = 5 » HOCKOMbKY E(arcsin) = [—g— —273] 3HayHuT,

x=1.
Omeem: x=1.
2

. Vs
ITpumep 3. PemnTh ypaBHEHHE arcsin x arccosx = 18

Pemtenne. /JJaHHOe ypaBHEHUE PAaBHOCWIBHO ClIeyIOIIEMY:

2
. T . T . .
arcsin x (—2 — arcsin x) =18 <& 18arcsin® x — 9 arcsinx + 7% = 0.

. 7T
[Mycts arcsinx =t, |t| < 5. Torza

s
t= 3>

182 —9nt+n* =0 & -
t= g

IToatomy
. T 1

arcsinx = 3> X =73,

. n & V3

arcsinx = —« _ V3

6 X 5 -

1.V3
Omeem: {2 5 }
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ITpumenenue csoticme PyHkyuii

PelieHue HEKOTODHIX YPaBHEHHH, cofepXalux o6paTHEIE TPUTOHO-
MeTpuveckue QYHKLMH, OCHOBBIBAETCH UCKIIOYHUTENBHO HAa TaKUX CBOM-
cTBax 3TUX QYHKUHH, KAK MOHOTOHHOCTb ¥ OPaHMYEHHOCTb. [1py 3TOM
HCHOJIB3YIOTCA CIeYIOLIHE TEOPEMBI.

Teopema 5.1. Ecau ¢ynkyus y = f(x) MOHOMOHHA, MO ypasHeHue
f(x) =c (c=const) umeem He 60s1ee 001020 pelueHUS.

Teopema 5.2. Ecau ¢gynkyua y = f(x) moHomoHHO go3pacmaem, a
dynxkyua y = g(x) monomouHo ybwvteaem, mo ypasHeHue f(x) = g(x)
umeem He 60Jiee 00H020 peuleHU.

Teopema 5.3. Ecau rrg(in fx)=c= mXaxg(x) (c = const), mo Ha MmHo-
fx)=c,
gix)=c.
IMpumep 1. PemuTts ypaBHeHHUe 2 arcsin 2x = 3 arccos x.

acecnge X ypasHerue f(x) = g(x) pasHocwnbHO cucmeme {

Pemenne. OyHKIUA y = 2 arcsin 2x AB1seTCA MOHOTOHHO BO3pacTao-
meit, a QyHKIMA y = 3 arccos X — MOHOTOHHO y6riBatoweit. Yucino x =0,5
ABJIAETCA, OYEBHIHO, KOPHEM JaHHOT'O ypaBHeHM . B ciuty TeopeMsl 2 3TOT
KOpeHb — €JHHCTBEHHBIH.

Omeem: {0,5}.
IIpumMep 2. PeminTh ypaBHEHHE

arctgV/ x? +x+arcsin Vx?+x+1= er'

Pemenue. Ilyctb x? + x =t. Toraa ypaBHeHHe IPUMET BUJ

arctg vt +arcsiny/t+1 = g

Gynxkuuu z=/t, =Vt +1, y =arctgz, y =arcsin z ABIAIOTCA MOHOTOH-
HO Bo3pacTaroWUMu. [ToaToMy QyHKuMa y = arctg v/t + arcsin vt + 1 Tak-
e ABJ/SIeTC MOHOTOHHO Bo3pacTamwueii. B ciury Teopems! 1 ypaBHeHue

. s
arctg v/t +arcsin vVt +1= 5 HMeeT He fonee ogHoro xopHsa. O4YeBUAHO,
yro t =0 sAB/AseTCsA KOPHEM 3TOro ypaBHeHHs. [TosTomy

x =0,

X+x=0 [
x=-1.

Omeem: {—1; 0}.
Ipumep 3. PeliuTh ypaBHEHHE

arcsin(x(x+ y)) +arcsin(y(x+y)) = 7.
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. T
Pewrenne. [TockonbKy arcsint < 5 TIpU |t| <1, To eBas yacTh ypaBHe-

7'E T
—2‘ 5 = 7r. 3HaK PaBeHCTBA BO3MOXKEH, JIUIIb €CIU

o Y
KaKz0€e ciaraeMoe JIeBOHU 4aCTH paBHO bR Takum o6pa30M, YpaBHEHHE
PaBHOCWIBHO CUCTEME:

arcsin(x(x+y)) = %, {x(x+y) =1,
n

HHUA HE MPEBOCXOAUT

arcsin(y(x+y)) = yix+y)=1

2
Peurenue nocneaﬂeﬁ CHUCTEMbI HE NMpEeACTaBJIAECT Tpyda.

omaem: (5 L), (- ;L
prIGHeH.UR, CBO()U,Mble K alee6pauquKu.M u mpu2oHomempuueckum

YPagHeHUAM

B 3awitoyeHye pacCMOTPHUM ypaBHEHMs, IIPH pellleHUH KOTOPBIX HC-
TIOJIb3YIOTCSl METO/BI, CXOAHbIE C METOJAaMHU pellieHus ypaBHeHHui (2)—(6),
HO GOPMYJIBI CBA3H, TIO3BOJISIIOIIME MOMYYUTD ajirebpanyeckoe WIK TPUTO-
HOMEeTpHYeCKOe ypaBHEHUe, SIBIAIOTCA 6oJiee CJIOKHBIMMU.

IIpumep 1. Pemnts ypaBHeHue arccos(3x —4) =2arctg(5 — 3x).

Pemenne. Ilyctsb arctg(5—3x) =a. Toraa

tga =5—3x, arccos(3x—4)=2a, cos2a=3x—4.
TakuM o6pasom,
tga =5-—3x,
cos2a = 3x —4.
CJ10XXUB YpaBHEHHUS 3TOU CUCTEMBI, OJYYUM TPUTOHOMETPHUYECKOe ypaB-
HeHHe
.2 sina = 0,
tga+cos2a=1 & tga=2sin“a = | .
sin2a = 1.

T
ITockonbKy 2a =arccos(3x —4),a0<arccost<m, T00<a< 7 IToaToMy

T
MOCJeIHAA CUCTeMa JaeT 3HadeHud a=0u a= 7 Toraa
3x~4 = cosO0, x =

n &
3x—4=cos§ x =

-

Wik Winm

O6a 3TUX KOPHS YIOBJIETBOPSIOT UCXOAHOMY YPABHEHHIO.

.{4.5
Omeem: {3, 3}.
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3ameuanue 5. BTopoii crmocof pellleHUs1 YpaBHeHUs 3aKII0YaeTcs B
CBeZIeHHH €ro K anrebpaudeckomy. B camoM jerne,

_1-tg’a ae e
cosza—1+tg2a, cos2a =3x—4, tga=5—3x.
ITosToMy
_1-(5-3%? L, (1-5+3x)(1+5-3x)
3x—4= T e © 3x—4= 1+ (5—3x)°
3x—-4=0
(3X - 4)(6—3x) s
S Ix—4=—7 =
1-(5-3x)2 [1+(5—3x)2=6—3x
4
x—ﬂ, x=§:
= 3 P :
(5-3x)2=5-3x x=3.

Kaxoii U3 AByX cHOCOOOB NpeATIoUTHTENbHEH, CleAyeT pelllaTh B KaXA0M
KOHKDETHOM CJTyyae.
ST
IMpumep 2. Pemuth ypaBHeHHe arcsin 2x + arccos(6x —2) = 5
Pemrenme. Ilycts arcsm 2x =a, arccos(6x —2) = f3. Torzxa sin a = 2x,

cosfB=6x—-2,a+p= n [ostomy 3sina—cos =2, f= 7r a. Or-
cioaa

2
& Ssina+V3cosa =4« V3cosa =4—5sina <
< 3cos’a =16—40sina+25sin’a <
& 3(1-sin’a) = 16 —40sina+25sin*a <

BSina—cos(%n—a) =2 & 35ina+‘/7§cosa—lsina=24:>

sina = %,
& 28sin?a—40sina+13=0 < 13
sina = ﬁ
1 . 1 13 13
IMockoneky x = 3sina, To X =7 WM X = 5g. Kopens x = 5g ABIAETCA
IIOCTOPOHHUM.
1
Omeem: {4}

3ameyanue 6. 1. PellleHre ypaBHEHUH M HepaBeHCTB, aHAJIOIMYHBIX
pa3o6paHHOMY B ITpUMepe 22, CBOAUTCA Ha ONpeeeHHOM 3Tarne K pellle-
HHUIO YpaBHEHUA BUJa
asina+bcosa =c.

6 YDaRHEeHUS U CUCTEMb! VOABHEHNA
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Takue ypaBHeHUA IPUHATO pellaTh METOAOM BBeJEHHS BCIIOMOraTeIbHO-

ro yrna (WIH ¢ IOMOLIbIO YHUBEPCAIBHOW TPUTOHOMETPHUYECKO noAcTa-

HOBKH). [1py nofo6HOM pellleHUH OTBET, KaK IPaBWIO, IPEeACTaB/sgET CO-

6011 J0BOBHO IPOMO3AKYI0 GopMyny (Tak, B IprMepe 22 Mbl Obl OTYYH-
.2 .1 /3

ay, yto a = (—1)"arcsin —= — arcsin 3 v/ 7 tnn, ne Z). TlpoBepka 3Ha-

V7
YeHHUs a MpeJcTaBseT co60M B 3TOM Cilydae JOBOJNBHO TPYAHYIO 3aZa-
yy. Pemiath nogo6Hele ypaBHeHUA (TeM Gosee, eCIM HY)KHO HaWTH JMLIb
€OS @ WM sin a, a He caM¥ 3Ha4eHHA a) LesecoobpasHo creayroluM obpa-
30M. YeauHUB asina (wim bcosa) ¥ Bo3Beas obe YacTH NMOMYYUBIIErocs
YPaBHeHHUs B KBa/paT, NOTy4MM ypaBHeHue a’sin® a = (c —bcosa)? (wiu
b? cos? a = (c — asin @)?), KOTOpOE 3/IEMEHTAPHO CBOAUTCS K KBAZ[paTHOMY
OTHOCUTENBHO cos a(sina) ypaBHeHHIo. [Ipy 3TOM NOJNE3HO YYUTHIBATb,
YTO BO3BeJEHHE B KBaApaT SABJSETCS paBHOCWIBHBIM Ipeobpa3oBaHUEM,
ecny obe 4acTH ypaBHEHUS HEOTPHULATEIbHB WIH HEMOJOXUTEIbHbI O/
HOBpeMeHHo. [TosTomy
. a*(1—cos®*a) = (c—bcosa)?,
asina =c—bcosa & )
asina(c—bcosa) =2 0

2. B HEKOTOpBIX CIy4Yasx oTOOp KOpHeH MmpeacTaBiseT coboii OTHOCH-
TeJIbHO IPOMO3JKY10 3a4a4y. Tak, IpU pelleHHH [peAbIAyIero npruMepa

13
TpsMast IPOBEPKa 3HAYEHUs X = 5o TIPUBOAMT K MPOBEPKe PAaBEHCTBA

11 571_
14~ 6

B Takux ciydaax ciezyeT oGpama’rb BHUMaHMe Ha OrpaHHUYeHH:, BO3-
HUKAIoIIMe B XOZe pelleHHA 3afavyd. Tak, U3 ycroBui —1 < 2x < 1,

arcsm e + arccos —

1 a TIOCKOJIBKY a € [—E' E]
2’ y 272
U sina = 2x > 0, noiy4yaem, 4To a — yroia | 4eTBepTH. 3Haqp1'r, cosa > 0.

1
< 6x — 2 < 1, BBITEKAET, YTO 3 <x<

Ho eciu sina—}—4, 10 V3cosa=4~—5sina=4-5- <O YTO IIpO-

13
THBOPEYHT YCIOBHIO COs @ > 0. ClieloBaTeIbHO, KOPEHb X = 5o ABJIAETCS
MOCTOPOHHUM.



TpuronoMmerpuyeckrue ypaBHeHUs

Pemte ypaBHeHuUe

1.a) (2sinx+1)(2cosx—3)=0, 6) (2siny —1)(2cosy —3)=0.
2. a) (3sinx—4) (V2cosx—1)=0, 6) (7sinx+9) (v2cosx+1)=0.
3. a) (3cosx+4)(tgx—v3)=0, 6) (S5cosx—7)(V3tgx+1)=0.
4. a) (3sinx—2)(2sinx—3)=0, 6) (5siny +4)(4siny +5)=0.
5. a) sin(—5x) cosSx=$, 6) sin(—6y) cos6y = %.

6

7

.a) 2cos?6x=2sin6x+ 3, 6) 2cos?>2y=2sin’2y— v2.
. a) sinx(5cosx+2) =cosx(5sinx +2),

6) siny(7cosy —1)=cosy(7siny —1).
.a) 4cos’x—12cosx+5=0, 6) 10sin®z+9sinz—7=0.
9.a) 10sin*z+19sinz+7=0, 6) 10cos’y —19cosy +7=0.
10. a) 2sin®x+5cosx+1=0, 6) 2sin®y —7cosy+2=0.
11. a) 4cos’x —4sinx—1=0, 6) 4sin’x+12cosx+3=0.

[« ]

12. a) cos2x=5sinx — 2, 6) cos2z2=—9cosz+4.
13. a) 2cos2x=8cosx+3, 6) 2cos2y=4cosy+1.
14. a) 7sin2y =2siny, 6) 9sin2x =2sinx.

15. a) (3cosx +8sinx)?=12+ 55sin®x,
6) (3cosy +7siny)?=12+40siny.
(5x —7n)(7x —5m) (7x—8m)(8x—7m) _

16. = 6 0.
6.2) Vsinx 0 ) Vsinx
y+7m)(4y+7m) 8y +7m)
17. a) o5y =0,
6) 2y +9m)(4y —9m)(13y —97) -0
/COsy -
4cosx—3 7cosy =5
18.a) ———=0, 6) ——=0.
) tgx ) Vigy
Ssinx—2 6sinz+5
19. a) N =0, 6) ooz =0.
tgx+3 tgz+4
. = =0.
20-8) e = RV
2sinx—v2 _ 2sinz+1 _
21. a) % =0, 6) ~Jwr 0.
2_ 2o, _
22.a) X=X16_q 6) Z=2=3 .
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9x2—4 25y*—16
23.a =0, 6) ———=0.
) v —sinx y/ —siny
3sin2x—25inx_ sinz(7sinz—2)
24.3) cosx—1 =0, 6) cosz—1 =0.
cos4x cosSx
25.a) sindx+1- 0 ) sinSx—l_O'
26. a) arccos x =arctg 3; 6) arcsin x = arctg 2.
27. a) arctg x + arctg % = -—-%; 6) arcctg x + arcsin % = %
28. a) arcsin x —arcsin % =arcsin0,9; 6) arccos x —2 arctg 2=arctg %
2 _ -
29. a) arcsin X +dx-3 + arcsin x—3_ 0;

30.

31.

32.

33.
34.
35.
36.
37.

38.
39.

40.

41.

3 3

6) arccos(4x? — 11x 4 5) +arccos(3x2 — 14x +7) = 7.
a) arctg(4x? — 8x —9) +arctg 16x% =0;
x2—8x—-36

4
a) arcsin(2x® + 2x? — 3x — 0,2) = arcsin(3x? — 2x — 0,2);
6) arccos(2x> + 5x2 4+ x +0,2) = arccos(2x + 4x% +0,2).
a) (x* —5x + 6) arcsin % =0;

6) (x +2)(2x% — 7x+ 3) arccos % =0.

6) arctg +arctgx?=0.

a) arcsin(sinx) = %; 6) arcsin(sinx) =2x—1.
a) arcsin(x+v/3) = 6%; 6) 6arcsin % =m(3—-x).

a) arcsin(x+/3) +arcsinx = % ; 6) arcsinx + arctgx = %ﬂ:.
a) arccos x + arccos2x = %; 6) arccosx + arcctg4x =T.

a) arccos? % + 4 arcsin?(x +2) =272;

6) arcsin? x + arccos2(2x — 3) = %nz.
.
2 3
a) sin(arcsin(x+2)) + |4x+1|= 1749;

. . T
a) | arcsin x| + arccosx = 6) arcsinx + | arccos x| = 7

6) cos(arccos(x —3)) +|2x —1|= 1_23-

a) arcsin(x + 1) +arcsin(y — 1) = 7;
6) arccos(x + y) +arccos(x — y) =0.

a) arcsin v 3x — 2 =arcctg v 2x — 2;

6) arccos - 3’;_ 1_ arcctg v2x — 1.
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42,

43.

45.
46.

47,

48.
49.

50.

2x—-3,
2 3
6) arcctg(3x — 2) =arctg(2x — 1).

a) arctg v 3 — x =arccos

a) arcsin x = 2 arccos x; 6) 2 arctgx =arcctg(x—1).
. a) arcsin 2x = 3 arcsin x; 6) arctg(x — 1) =3 arctg(x+1).
a) 2arcsin 2x = arccos 7x; 6) arccos(x —1) =2arccos x.
. X
arcsin x = arccos /1 —x; 6) arccos 5 = 2arctg(x —1).
. 2
a) arcsinx = 2 arctg x; 6) 2arctgx +arctg 3 = 7.
a) arcsin % +arccos2y = 3?“ ; 6) arcsin % +arccos2y = %ﬂ
in X _ y__3¢m, in X _ y_r
a) arcsin 3 —arccos 7 =—7-; 6) arcsin g —arccosz =3
. 3n?
a) (m+ arcsinx) arccos y = =

3
6) arcsin? x - arccos y = T
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9.

TpenupoBoyHasa pa6ora 5.1

€UINTEC YPAaBHEHHE.

. 2005(2x+ g) ++v/3=0.

. sin(s%—- %) =COS(%—TCJC).

. (2sinx — cos x) (2 cosx — sin x) =sin 2x.
. (5cosx—9)(v3tgx—1) =0.

. 6sin?x+13sinx+5=0.

. 5sin2x=2cosx.

(2x-9m)(5x -97)(8x —97) _
/cosx -

2sinx +v3 _

Jigx
cos4x =0
sindx+1"

0.

0.

10. V4 —5sinx = v2cosx.

(7y=9m)Oy—-7m) _

11 - 0.
\/siny
12. cosy(8cosy —7) —o.

siny +1



TpenupoBouHas pa6oTa 5.2

Peure ypaBHeHHUe.

1. arcsin(27x% 4 12x — 1) = arcsin(1 — 3x).

2. arccos(4x? +5x — 1) +arccos(3x% — 2x = 9) = 7.
3. arctg(4x> — 8x — 9) +arctg 16x2 = 0.

s

4. arccos(x+/3) +arccosx = 3

. . 2
. arcsinx + arcsin 2x = 37

. arcsin® x — 3arcsinx +2=0.
2 5 2

x=zﬂ' :

9. arctg v 8x + 1=arcsin v1 —3x.

5
6
7. 12arcsin® x — 8 arcsin x + 12 =0.
8

. arcsin? x + arccos

10. arcsin x =2 arccosx.

11. 2arccos x = arctg 2x.

5x—1 Sx—1_
3 + 2 arccos 3 =

N
A

12. arcsin



§ 5. Iloka3aTesibHbIE YPAaBHEHUSA

OrtoT naparpa¢ NOCBAILEH I0Ka3aTe/NbHbIM ypaBHEHUSIM, T. €. ypaBHe-
HUAM, B KOTOPBIX IIepeMEeHHas COAEPXKUTCS B ITOKa3aTesle CTelleHH HeKo-
TOPOTO YUCJIa WIK aire6pandyeckoro BHIpaXKEHHs.

OCHOBHBIMM METOAAMH PelLleHHs [TOKa3aTelbHbIX yPABHEHUH SBJIAIOT-
CAl METOAbl TPYIIIHPOBKH, paszNoKeHWA Ha MHOXHTEJU U 3aMeHHI Mepe-
MeHHO}.

Peurenue 60IBUIMHCTBA [IOKa3aTebHBIX ypaBHEHUH ITOC/Ie HEKOTOPBIX
npeobpa3oBaHUil CBOAUTCA K PElIeHHIO OJHOTO WIH HECKONbKHUX MTPOCTEMH-
IIMX ITOKa3aTelbHBIX ypaBHeHuil BuAa a’ ®) = b, kotopoe, ecin b sBnseTcs
CTeneHblo YHCIa a, T.€. b = a°, paBHOCWIbHO ypaBHeHMIO f(Xx)=c, a B
NPOTHUBHOM cily4ae — ypaBHeHuIo f(x)=log,b. K npocTeiimum nokasa-
TeJbHBIM YpaBHEHHAM MOXKHO OTHECTH M ypaBHeHue Buaa a’® = g8
(a>0; a#1), xoTopoe paBHOCWIbHO YpaBHeHHIO f(x) =g(x). 3ameTum,
yTO mepexos oT ypasHeHusa a’ ) = a8™) k paBHOCHTHLHOMY eMy ypaBHe-
HUIo f(x) = g(x) MoxeT 6BITb OObSICHEH Pa3IMYHBIMU CITOCOBaMHU: UCXOAs
M3 CBOMCTB OKa3aTelbHOH GYHKIMH C OCHOBAaHHEM a WIH JIOTapHPMH-
poBaHHeM obeux dacTed ypaBHeHHUs (1o cBolicTBaM Jiorapudmuyeckoi

byHKUMHK).

1. AsreGpandyeckne npeo6pasoBaHHA
YpasHeHus, HenocpedcmaeHHO c800UMbLe K npocmeliiuum

IIpumep 1. PemuTe ypaBHeHHe

2

6x 3—15
o-15 — gla—12x*
Pemrenue.
6x2 .gl2-12x — 9-15 3-15,
EX +12-12x — ¢-15,
x2+12-12x = —15;
X = 3; Xy = 9.
Omseem: 3; 9.

Buinecenue obuezo mMHoncumens
STOT MeTo/ NPUMEHSIOT [IPU pellleHUH YpaBHEHHUH BHJa
p.af(x]+q,af(x)+b+r =0
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¥ CBOAMMBIX K HUM. IToc/le BbIHECEHHA OBIIEro MHOXHTENA MPHXOAUM
x ypasuenuio a/ ¥ (p +q-a®) +r=0, oTkyza

fo) — ____ T
e p+gq-a®’

[Ipu oTcyrcTBUM apudMeTHYECKHMX OWIMOOK IpaBas 4acTh IOCJIEAHEro

ypaBHeHHs, KaK NpaBWIO, ABAAETCA CTENEHbIO 4MCIa a. Pasymeercs,
BO3MOXHBI U JpyTHE TUIbl ypaBHEHUH. PacCMOTPUM IpHUMepBI.

Mpumep 2. Pemure ypasrenue 772+ 4.7*+1 =539,
PemeHue. BriHeceM 06u[uii MHOXKHTENIb M BHITOIHUM Ipeo6pasoBa-
HUA:
7717+ 4) = 539;
11-7**1 = 539;
7%t = 49;
7x+ — 72,
x+1=2;
x=1.

Omeaem: 1.

Ipynnupoeka u pasnoxceHue Ha MHOX¥CUMeENL

OcHOBHaA HAesa pelleHHs 3afiad 3TOr0 THIA OTPaXXe€Ha B Ha3BaHUU:
TIocjle IPYIIMPOBKH M BBIHECEHHA OOILINX MHOMXHUTeJIEH TaKUe YpaBHEHUA
0OBbIYHO yZaeTcs MPUBECTH K BUAY f(x) - g(x) =0, a nocienHee ypaBHe-
HHEe — K OZHOMY WIH AByM MpPOCTEHIINM NOKa3aTeJbHbIM YPaBHEHUAM.
Takuie ypaBHEeHHS CXOXH C YpaBHEHHSIMU IIpeAbIAYLIEro THIIA, HO Tpe6yIoT
6osbiiero uyucia AelcTBHIl. B kayecTBe NepBOro mpuMepa pacCMOTPUM
peliieHue 3agauM 9 yactu [ BBogHOM AMAarHOCTHYECKOH PabOTHI.

Ipumep 3. Peiinre ypaBHeHUe
x-2X4+3=3-2"+x.
Pemenue. [lepeHeceM Bhipa)keHHe U3 IIpaBOH YaCTH YpaBHEHMA B Jie-
BYIO U CrpynmupyeM ciaraemsbie: (x -2 — 3-2%) — (x — 3) = 0. BrelHeceM
0bumit MHOXMTeNb: 2 (x — 3) — (x — 3) =0. Eme pa3 BriHeceM o6mIuit

x—3=0, x=3,

MHOXHUTeNb: (x — 3)(2¥ — 1) =0, oTkyaa 2% _1=0 M, 3HAYMUT,

x=0.
Omsem: 3; 0.
Ilpumep 4. Pemvte ypaBHeHHe x 37 —3x +3,/x — /x-37¥=0.
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Pewenue.
x-37F=3x+3/x-V/x:37=0 & x(3¥-3)-/x(37-3)=0 &
x=0, x 20,
& BT -NE-VO=0& 1 [37-3=0, & { [37=3 &
[x—\/fzo |:\/§=X
x 20,
x=-1, x=0,
< =0, < [x=1.
1
Omegem: 0; 1.

2. 3ameHa nepeMeHHOH

BOJIBIIMHCTBO [MOKA3aTebHbIX YpaBHEHHH, B KOTOPHIX UCIONb3YeTCA
3aMeHa IlepeMeHHOM, CBOANUTCSA II0CJIe 3TOM 3aMeHBI K KBaJpaTHOMY YpasB-
HeHUI0. Halififl KOpHU 3TOro ypaBHEeHHs M BBIIOJIHHB OGPaTHYIO 3aMeHY,
MOJTy4aloT OZHO WIM /IBa NMPOCTEHIIMX NOKa3aTelbHbIX ypaBHeHus. Tak,
ypaBuenue a-[>* +b-1* +¢=0 cBOAUTCA K KBAZPAaTHOMY YPaBHEHHIO 3a-
MeHoit y =1*, y > 0. 11 pelreHnA OAHOPOAHOTO ypaBHEHUSA BHAA

p-a®+q-(ab)*+r-b* =0
HY’XHO 06€ ero YacTH pa3JeIuTh Ha b2 (3aMeTHM, uTO MO CBOMCTBY MOKa-
3aTebHOM GYHKUMH b # 0 HU NpH KakuX x). [Toce AeeHNs NOMyIUTCs

YpaBHEHUE
2x X
OB ORI

. a\”*
KOTOpO€e 3aMEHOH y = (3) , ¥ >0, cBoAUTCA K KBaZ[paTHOMY ypaBHEHMIO
OTHOCHTEJIBHO Y.

IIpumep 1. PemnTte ypaBHeHHE
3#*+1-26-3*-9=0.

Pemenme. 3-3% —26-3*-9=0.
[lycts 3* =y, y >0. Toraa

3y?—-26y-9=0,
y>0
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CrnenaeM obpaTHyio 3aMeHy: 3* =9 & x=2.
Omeem: 2.
IIpumep 2. PemuTte ypaBHeHUE

42/x —5.41% 44 =0.
Pemrenue. 3anuineM AaHHOE YpaBHEHHE B BHJE
(41%)2-5.4/* 44 =0.

TlycTs t =41/, YpaBHeHue npumer BuA t2 — 5t +4 =0, oTkyza t = 1 1160
t = 4. CpenaeMm obpaTHylo 3ameHy: 4!/* =4, otkyaa x = 1, mubo 41/ =1.
INocnenHee ypaBHEHNE He UMeeT KOPHEIA.

Omeem: 1.

B kavecTtBe cieAyollero npumepa paccMoTrpuM 3sajady 10 yactu 1
BBOZHOM ZIMarHOCTUYECKOM pabOTHI.

Ipumep 3. Pemure ypaBHeHue 457 +25-2snx = 18,
Pemienne. IlepenuineM faHHOE YypaBHEHUE B BUAE
4sinx +25 .2—2sinx —18=0

oTKyza 45" +32-4~ sinx _ 18 =0, [MockonbKy 450X > ), MOXKHO YMHOKMTD
o6e 4yacTH TIOC/IeHETO ypaBHeHUA Ha 45" oc/te 4ero MojyduM ypaBHe-
Hue (47%)2 — 18-45"X 4+ 32 =0. ITycTb t = 4", YpapHeHue mpUMeET BUA
t2 — 18t +32=0, oTkyza t = 2 nu6o t = 16. CresnaeM o6paTHyIO 3aMeHy:

45nx = 2 orkyaa sinx = % ux=(-=n" % + 7tn, n € Z, aubo 45" = 16,

OTKyzAa sinx =2, 4YTO HEBO3MOXXHO.
T
Omeem: x=(—1"- g tnn,neZ.
IIpumep 4. Pemute ypaBHeHUE

(Vs+v24) +(y5-v24) =10,
Pemenne. YMHOXHUM o6e yacTH ypaBHEeHHA Ha (\/ S+ \/2_4)X. Iony-

9UM ( 5+ \/ﬂ) = +1= 10(\/ 5+ m)x. CnenaeM 3aMeHy IepeMeH-
Hoii. [TycTp ( 5+ 1/2_4))( =y, y>0. Torza

2 —_
~10y+1=0, - =5+1/24,
{y y + {y 5+4/24, y

y>0 y>0 y=5—1/24.
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(Vs+v24) =5+/24, x=2,
( 5+@)x 1 x=-2.

T 5424

O6parHas 3aMeHa

Omeem: —2; 2.

IMpumep 5. Peurute ypaBHeHHe
32x+l —~5.6" +22x+l =0.

Pemrenue. 3%+ —5.65 4221 =0 & 3.3% -5.3%.2¥42.22X =0,
Paszenum obe yacTH ypaBHeHHUS Ha 22x.

3. (%)2x—5- (%)x+2= 0.

X
IMycTh (%) =y, y >0. YpaBuenue npumer Buz 3y’ — 5y +2 =0, oTKyaa

= %; ¥>=1. BepHeMca K npexHeil nepeMeHHO:

-t oo
(%)*:1 x=0.

Omeem: —1; 0.

3. OT6op KOpHeii B MOKa3aTeJbHbIX YPAaBHEHHAX

HMHorza BcTpevaroTcs KOMOGUHUPOBAaHHbBIE ypaBHEHHs, B KOTOPHIX He-
M3BeCTHasA COAEPXKUTCA He TOJAbKO B MIOKa3aTeJse CTeMeHH, HO U B 3HaMe-
HaTesle Jpo6H WIHM IOA 3HAKOM KOPHf 4eTHOH cTeleHM. B mpocreifmux
CIy4asx dTO He BJMSET CyLIeCTBEHHHIM 06pa3oM Ha YpOBEHb CJIOXKHO-
CTU 3aJaHusA, HO NPHUBOAUT K HEOOXOZWMOCTH BBOJA JOIOJHHTENTbHBIX
orpaHuueHU (yCI0BUA HepaBeHCTBA HYJII0 3HaMeHaTeJs Jpobu, ycIo0BUA
HEOTPULIATEIbHOCTH MOAKOPEHHOTO BhIpaXKeHHs JAJIA KOPDHS YeTHOU cTe-
MmeHu). B 3TUX ciy4yaax cieAyeTr MPOSABIAATh BHUMaHHE M OCTOPOXKHOCTD:
BeJlb YaCTh HalleHHBIX KODHell MOXXeT He YAOBJETBOPATb YKa3aHHBIM
orpaHuyeHHUAM. Takue KOpHU OyZAyT NOCTOPOHHHMMH, BKIIOUEHHE HX B
OTBeT sABsAETCA rpy6oil MaTeMaTHYeCKoH oMOKOH, U pelleHUe He 6yaeT
3aCYUTaHO.

Mpumep 1. Peurnte ypaBHEeHUE (2¥ —4.2%). 2 _x2=0.
P 4
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Pelnenne.
( [ X2 =x+2,
2 —4.2=0 2x' = o+
. ’ . Xl <3,
7-x*20, = x*< 3, PR =
3
x=3
9 _ 2 2_9 2’
| 7-x° = | X" =3 _ 3
| X = —35
x=-1,x=2; 15
X =—1,5,
x| <1,5;
1,5 & | x=-L
x= Pt ]
15 x=1,5.
x=-1,

Omeem: —1,5; —1; 1,5.
Mpumep 2. Pemmte ypaBHeHue |4 — 2| =41 -3,
Pemenne. Ilycth 4* =y, y >0. Toraa

y >0, yz3
y >0, 4y-33>0, ’4’1
{Iy—2l=4y—3 < y—-2=4y-3, g Yy=3 S =1
[y—2=3—4y y=1

BepHeMcd K npexkHeil nepeMeHHOH: 4 =1 & x=0.
Omeem: 0.

4. IlpumeHeHHe cBO¥CTB GyHKIMI

HexkoTopble ypaBHeHHs, B TOM YHC/Ie U NIOKa3aTelbHble, He MOT'YT GHITh
pelueHE! CTaHAapPTHHIMH METOAaMH, U3/I0KEeHHBIMH BhILIE. B Takux cayya-
SIX 4aCTO NPUXOAMTCA UCIIONb30BaTh TAKKUE CBOUCTBA GYHKLMM, KAaK MOHO-
TOHHOCTb M OTPaHUYEHHOCTb.

IIpumep 1. Pemmute ypaBHenue 3¥ 1 4571 =34,

Peurenue. ®yukuua f(x) =3*"! + 55! pospacraer Ha R. 3HaueHue
&yHKUMH B TOUKe X =3

f(3) =3%24+52=34.

CrefoBaTenbHO, X = 3 — €JUHCTBEHHBIH KOPDEHb.

Omeem: 3.
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IMpumep 2. Pewnre ypaBHeHnue 4* + 5 =9*.

Pemenne. [loBOJBHO JIETKO 3aMETUTh, UTO X = 1 — KOPEHb ypaBHe-
Hus. [TonpobyeM JoKa3aTh, YTO APYTHX KOpPHeH HeT. [ljIA JoKa3aTe/bCTBa
HCTO/b3yeM CBOMCTBO MOHOTOHHOCTH IOKa3aTesnbHOH byHKuuM. Pasze-
JuM obe YacTH ypaBHEHHA Ha 9*:

)+ () -

X X
dynkuusa y (x) = (5) -+ (g) MOHOTOHHO y6bIBaeT (KaK cymMMa JBYX MO-

HOTOHHO yObIBalOIMMX PYHKUMI), OITOMY KaKJOe CBOe 3Ha4deHUe OHa
NIPpUHKMMAaeT POBHO OZMH pa3. [Tockonbky y(1) =1, To X =1 — eANHCTBEH-

o 4\~ 53)*
HBI1 KOPeHb YpaBHeHUs (- + (—) =1, a 3Ha4uT, U JaHHOTO ypaBHe-

9 9
HUfA.
Omsem: 2.
IMpumep 3. Pemnrte ypasHerue 25 *1 + |x|=2.

Pemenne. /laxxe eciu 6b1 B ypaBHEHHU He 6bUIO 3HaKa MOZAYI,
PELIUTh ero CTaHAapTHBIM oOpa3oMm 6bUIO Obl HEBO3MOXHO. [1OCKONBKY

2

x2+12>1 (u, 3Haunrt, 2° *1 > 2), a |x| = 0 npu Bcex 3HaYEHUAX MepeMeH-
HOH, TIOJTy4MM, YTO JieBast YacTh ypaBHEHUA He MeHble 2. 3HaK PaBeHCTBa
BO3MOMEH, TOJMBKO €C/IM KaXKJ0€e U3 CJIaraeéMbIX JIEBOM YacTH MPUHKUMAET
CBOE€ HauMeHblIee 3HAYeHHE, OTKyZAa

2X2+l — 2

b
[x| =0

Omsem: 0.



IToka3aTejbHbIE YpaBHEHHUSA

PemnTe ypaBHeHue

1.a) 7-5°=5-7%, 6)2-77=7-27.
5x+25 5 9y+22 9
2.2) 19 = fgum: 0 17 =17
1718—x _ 1918—x 1627—x _ 1127—x
8.8) g ="17 6) T ="1g
4,2) 81 -5.8=192, 6) 393 —2.3Y =225,
3 5x+7_ g Sx+7 i 2y—5_ § 2y-5
5.2) (7) _(s) ’ 6) (7) _(8) :
6. a) 513774, 44y +13 — 55y+4 . 412+5
6) 911x+2 . 85x+3 — 93x+10 . 813)(—5.
7.a) 11 -12-11¥+1=0, 6) 15 —16-15Y +1=0.
8.a)4-9*—6X—3.2"=0, 6) 3-16” +5-12Y —12-9¥ =0.
9.a) 411 415.2*—4=0, 6) 41 4+11.2x-3=0.
10. a) 49**05-8.495 +1=0, 6) 16**15—65-643 +1=0.
3 -3 _ 77 =7
11.a) =~ =0, 6) S—1 =0
(7" —49)(4—16) _ (4 —64) (37 —81) _
2aTrm 0 9T e
13.2) 2x—3)5%2=2x-3,  6) (4y+5) -9 *=4y+5.
7x2—x 49 2x2+4x_ 32
14.2) x—-2 x=-2’ 6 x+5  x+5°
75713 343 97’7 g1
15.3)?—5‘5, 6) 5vY —s—ﬁ.
197 19% 11 11~
16. a) x—-3 x-3° 6) x=7 x-=7
(371 — 1) (452 - 2) (2%2 - 4)(25*2 - 25)
17. a) 72x+5 -7 = 0’ 6) 37x—26 - 32 =0.
+2)(x—5 -2)(z—6
18.8) ST =0 R
¥ -3) (V5" - V& -64) (V57 -5
19,0 QEE=2) o (P00 ) _,

(45 —-32)(7"—49%) _ (16" —64)(9* —81%) _

A " GonE—y -0 8 moaax—s -0
13y2—9y+18 _ 15y2—9y+18 _ 11x2—2x—24 _ 12x2—2x—24 _

y—6 =0, 6) X+4 =0.

20.

21. a)
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200811 17741
22.8)79———0, 6) —_—y—Z =0.
5x2—3_5 2}'2—]__8 _
23.a) —2=0 6) ——=0.
3.2) vV3i=x-1 Vé+y—
24.2) (x+1)(x—6)-83%=0, 6) z+7)(z—4)-5"3*=0.
x2 4 y? 36
25.2) =35 = 6 -36’ 0 5= -6



TpenupoBouyHas pa6ora 6

Pemute ypaBHEeHHe

9x+20 _ 9
11 — 1 1x+20 .

2. 38X—5 . 7x+4 - 32x+1 . 77x—2'

1.

3.25*1 4+24.5¥-1=0.

(5*=25)(77*=7) =0
v5—-7x ’

1172 121
T13vEF T 13vE

(4x_25)(3x _97) .
* (2x-5)(9x-7)

13x2+3x+2 _ 11x2+3x+2 _

7. P =0.

8. (x—3)(x—6)-9V**=0.

9.36"—4-6*—12=0.

10. 2sin2x+2c052x =3.

11. 951 -36-3"3+3=0.
12.2X.9VX 4 3=3.2¥ 4 9VX,

0.

7 VNaRuaHUS U NUATAMK VDARHEHUA



§ 6. JlorapudmMHuueckre ypaBHEeHUSA

OcHoBHas uzes peleHus ao6oro sorapudMHUYECKOro ypaBHEHU —
CBeJleHHe ero K OJHOMY WIH HECKOJIbKUM [IPOCTEHIINM YpaBHEHHUAM, a OC-
HOBHBIMH CPe/CTBaMHU peaM3aliuy 3TOH HJeu SBJIAIOTCA CIeAyIolue:

® DAaBHOCWIbHEIE TIpeobpa3oBaHus,

® IepexoJ K ypaBHEHHIO-CJIEACTBHIO,

® pasjiokeHHe Ha MHOXHUTENH,

e 3aMeHa NnepeMeHHO,

¢ TpUMeHeHHe CBOMCTB QyHKIIUA,

PemeHye 60nbIIMHCTBA JIOrapudMHUYECKUX YPaBHEHHH I10C/Ie HEKOTO-
PbIX Npeobpa3soBaHUi CBOAUTCSA K PEIIEHHIO JIOrapupMUYECKOTrO ypaBHe-
HUA BUAA 108,y f(x) =108} () §(x) WK COBOKYTIHOCTH TaKMX yPABHEHUH.
[IpuBeseM COOTBETCTBYIOIEe paBHOCWILHOE MpeobpasoBaHue:

f) =g(x),
fx) >0,
h(x) > 0,
h(x) # 1.

BTOpoe HepaBeHCTBO CHCTEMBI MOXKHO 3aMEHUTh HEpaBEHCTBOM g(x) >
> 0 (kaKoe M3 JByX HEPABEHCTB BHIOPaTh, 3aBUCHT OT TOTO, KaKast U3 QYHK-
Uui nMeeT Gonee mpocToi BUA). /I YaCTHHIX CIyyaeB paBHOCWIbHBIE
CHUCTEMBI CTAHOBATCH MEHEe I'DOMO3JAKUMH. YKaXeM OCHOBHBIE YaCTHHIE
cnyyau (a v b—uyucna, a> 0, a #1):

fQ) = glx), o f) =gx),
fx)>0 g(x) >0,

f00) = (h())P,
logyy f(xX)=b & { h(x) >0,
h(x) # 1,

log, f(x)=b & f(x) =a.

108, f(x) =108y g(x) &

log, f(x) = log, g(x) < {

1. Anre6panyeckue npeo6pazoBaHus

[Ipexzae yeM MepexoAUTh K pHMepaM pellieHHA 3a/ad 10 TeMe, cAe-
JlaeM HeCKOJIbKO B)KHBIX 3aMeYaHUuH.

[Ipu pellleHUM ypaBHEHHWH, cozepKalUx CyMMy AByX U boiee jora-
pudMOB, ciiesyeT IOMHHUTb O TOM, YTO PaBEHCTBO

log, f (x) +log, g(x) =log,(f(x)g(x))
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BBHINIOJIHSIETCSL He MpPHU JIIOOLIX 3HAYEHUAX [lepeMeHHOM, ITOCKONbKY oba-
CTH OIpeJe/IeHUS €T0 JIEBOH M MpaBoil yacTeil pasiuyHbl. JleBas yacTb
onpegeneHa npH f (x) > 0, g(x) > 0 (kaxzgasn u3 GyHKIM NONTOXKUTENbHA).
[TpaBas yacTh onpedenena npH f(x) - g(x) >0 (kaxzas u3 GyHKUMI NO-
JoXUTeNpHa 60 Kaxaan u3 GyHKUUH oTpullaTenbHa). TakuM o6pazoM,
o6y1acThb OIpeiesieHHA NPaBoi YacTH paBEHCTBa

log, f(x) +log, g(x) = log,(f (x)g(x))

mupe obnacTy onpejeeHnusa ero JeBoi uactd. [IoaToMy Ipu penreHUH
YPaBHEHUA [TepeXxo/, OT CYMMEI JiorapudMoB K jorapudmy npousBeAeHNs
MOXET [PUBECTH K NMPUOBPETEHNI0 TOCTOPOHHUX KOpHeH. YToOkl aToro
He CJIy4IWIOCh, HY’)KHO B CAaMOM HauaJjle pelleHHs BBIIIHCATh COOTBETCTBY-
folire HepaBeHcTBa (O/I3) wiu, HONYyYUB KOPHH, CAENAThb IPOBEPKY.
Ipeo6pasoBaHue xe joraprdma MPOU3BEIEHUS B CYMMY Jiorapu$pMoB
(to ects mepexog ot log,(f(x)g(x)) k log, f(x) + log, g(x)) TauT eme
6osblie omacHOCTEi: B 3TOM ciaydyae o6sacTh JONYCTUMBIX 3Ha4eHUH
TIepeMeHHOH CyXaeTcd, U NpU pellieHWH yYpaBHEHUS MOXKHO MOTEPATH
KOpHHU. [loaTroMy, eciu Takoe Hpeo6pa3oBaHHE BCe-TaKKW HeoOXOAUMO,
4acTO NPUXOAUTCA paccMarpuBarh ABa ciaydas: a) f(x) >0, g(x) >0
(8 aToM ciyyae log,(f(x)g(x)) =log, f(x) + log, g(x)) u 6) f(x) <0,
g(x) <0 (mpu arom log, (f (x)g(x)) =log,(—f(x)) + log,(—g(x))). Cae-
JIaHHBlE PEKOMEHJAlUH OCTAIOTCA B CWIE U JIA CjIy4yas npeobpa3oBaHUs
Pa3HOCTH JIorapu$MOB B jiorapupM YaCTHOTO ¥ HAOGOPOT.

IIpu pellleHUY ypaBHEHHH, cofiepXKallluX BeIpaKeHUA Buja log, f 2(x),
c/lezlyeT ucnonb3osath dopmyiy log, f2"(x) = 2n-log, | f (x)|. Ecu He mo-
CTaBUTb 3HAK MOAYJIS, TO MOJAYYUTCS PaBEHCTBO, B KOTOPOM JieBas 4acTh
onpeZiesieHa MpH BCeX X, A KOTOPhIX f(x) # 0, a mpaBas 4acTh — IIpH
BCex X, A KOTOphIX f (x) > 0, To ecTh 061aCTh ONpe/e/IeH s 1eBOH YacTH
OK&)XeTCs IIMpe, YTO MOXET NMPHUBECTH K NOTepe KOpHEeH NP pelieHUU
COOTBETCTBYIOILETO YPaBHEHHUS.

ITpu nepexoze K ypaBHEHHUIO-CJIEACTBUIO Lie1ecOO0Opa3sHO HAaYMHATh pe-
HIeHHe C BBIHCHIBAHUA HEeOBXOAUMBIX orpaHudeHuit (061acTH AOMyCTH-
MBIX 3HaveHUi1, Wiu O/I3, — npu Bceli CIIOPHOCTH TAaKOr'0 JOBOJBHO MPOY-
HO YKOPEHMBLIErocs B Pa3HOro poAa Moco6GHsIX CIOBOCOYETAHUA U COOT-
BETCTBYIOMLIel eMy ab6peBuaTyphi).

Ilepexod k ypagHeHU-credcmauio

Ilpumep 1. Pemure ypaBuenue lg(x —9) +1g(2x — 1) =2.

Pemenune. Haunem c HaxoxaeHus OZ3: &= x>09.
2x—1>0
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Janee, lg(x — 9) +1g(2x — 1) =2 = lg(x — 9)(2x — 1) = 2, oTKyAa
(x=9)(2x—-1)=10% u 2x*> —19x - 91 =0.
KopHu KBaZpaTHOTO ypaBHEHHS:

x, = —% — He YAOBJIETBOPAET yCIOBHI0 X —9>0;  x,=13.

Omeem: 13.

PasHocunsHbte npeobpazosanus
Mpumep 2. Pemute ypasHenue 1g(x? — 3x + 1) =1g(2x —5).
Pemenne. Ig(x?—3x+1)=1g(2x-5) <

x
x?—3x+1=2x-5, x*—5x+6=0, [x=3
= 1 =

2x—-5>0 x>2 3
Omeem: 3.
Ipumep 3. Pemmute ypaBHeHHe log,(x —5) =2.
Pemenue. Crioco6 1.

x—5=3, x=8)
logs(x=5)* =2 & (x-5?%=9 & [x—s——B = [ =

Criocob 2. log, (x — 5)2=2¢

e

x =
& 2log;|x—5|=2 & log;|x—5|=1 & |x-5|=3 < [x—

Omaem: 2; 8.

B kavecTBe ciezylollero npuMepa paccCMOTpUM 3ajanue 11 yactu I
BBOJHOI IMarHOCTU4YeCKOi paboTHL.

IIpumep 4. Peimnnrte ypaBHEeHHE

log;(x*—12)+0,5 log: x?=0.

Pemenue. Bocnonb3oBaBUIMCh CBOWCTBaMM JorapudMoB, nepenu-
IIIeM YpaBHECHHE B BH/JE

logs (x* —12) —logs |x| =0,
OTKyza
x?-12 = |x],

1 2_12)=1 =
ogs(x ) 083 | x| {x £0.
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W3 ypaBHEHHs CUCTEMBI HaxoauM |x| =4 (oTKyaa x = =+4) aubo |x|=-3,
4YTO HEBO3MOXKHO.

Omseem: —4; 4.
ITpuMmep 5. Peumite ypaBHeHue log, (log% (loggys (x2+x—-1)))=1.

Pewenue. log, (logi (loges (X2 +x-1))) =1 <

= log% (logers (2 +x—1)) =2 & loggs(x*+x—1) = % =

2 L 2 x=-3,
S x*+x-1=625* & x*+x-6=0 & =2
Omeem: {—3; 2}.
Ipynnupoeka u pasnoxceHue Ha MHOXCUMeAU
IIpumep 6. Pemure ypaBHeHMe Igx —x+x1gx—1=0.
Pemrenue. IlepemnuiieMm ypaBHeHHE B BUJE
(gx+xIgx)—(x+1)=0 @ lgx - (x+1)-(x+1)=0 &
x+1=0, x=-1,
S (x+1D(Igx-1) =0 < lgx-1=0, & x=10,
x>0 x>0
< x=10.
Omeem: 10.

1
[pumep 7. Peiuiure ypaBHeHUe loi—xz —1g10+log, x —1gx=0.

" 1
Pemenue. Ilo cBoiicTBam Jjiorapu¢mMoB g2 = log, x. [Tepenumem
X

ypaBHeHUe B BUJie

Igx-logyx—1+log,x—1lgx =0 <
< lgx(logyx—1)+(og,x—1) =0 < (Igx+1(og,x—1) =0 <
lgx = -1, x=0,1,
=
log,x =1 x=2.

Omeem: 0,1; 2.
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2. 3aMeHa mepeMeHHOM

[MogasnAromee 60NBUIMHCTBO JOrapuMHUECKHX YPaBHEHUH, pellae-
MBIX C IOMOLIbIO 3aMeHbI IepeMeHHOM, CBOAUTCA K KBaJpaTHLIM ypaBHe-
HUAM. PacCMOTpUM NpUMEDBHL.

IMpumep 1. Pewmnte ypaBHEeHUe logg x—2log,x—3=0.

Pemtenue. Benem HoBywo nepemenuyto. [Tycts log, x = y. Ilonyunm

2 y=-1
ypaBHeHHe y“ -2y -3=0 < 3
y=9.

1

log, x=-1, x==
6 : = 2’

CnenaeM o6paTHyIO 3aMeHy [ log, x =3 [x g

Omeem: %; 8.
IMpumep 2. Peunte ypaBHeHHE logi x—log, vx—1,5=0.

Pemedue. TlepenuiieM ypaBHEHHe B BUje logi x— % log,x—1,5=0.

v=-1,
IycTb log, x =v. YpaBHeHUe IpUMeT BUA v — %v -15=0«< [v _3
=3
BepHemMcs k npexHel nepeMeHHO:

log,x = -1, x =471 _1
= , © 4’

3
log,x =3

.1
Omesem: 4,8.

B kauecTBe cieAylollero npMMepa pacCMOTPUM pelleHHe 3azadu 12
yacTH | BBOAHON AuarHocTryeckoil paboThl.

Mpumep 3. Pewnte ypaBHeHue log, 2 —log, x + % =0.

PemieHue. BHauase npuBeeM jorapueMel K OCHOBaAHHIO 2:

logx2—log4x+%=0 = %log2x+%=0.

log,x
[TycTh log, x = y. YpaBHeHHe IpUMeT BHU],

2
.y__§:

y=3.

(o)}

y+£=0 & 3y’-7y-6=0 <

N =

<=
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. .. | logyx=-3, x=
Bepremcs K IIpeXkHel epeMeHHOM: =
log,x=3 x

Omseem: 8; —31—

7
Ipumep 4. PeiwnTe ypasHenue log,(2-4*"2—1) =2x —4.
Pemenue. log,(2-42-1)=2x—4 & 2-472-1=4%"* Iycts
y:-2y+1=0,
y>0
nepeMeHHOI: 4 2=1 & x—2=0 & x=2.

4~2=y y>0. Toraa { < y=1. BepHeMcs k npexxHel

Omeem: 2.

3. OT6op xopHeii B 1orapuPpMHUYECKHX YPaBHEHHSIX

Ilpumep 1. Peunre ypaBHeHuUe
log, (4 — x)% +2log,(2x — 1) = 4log, 3.

x#4,
1

xX>3.

Pemenne. O3 {
2

2log, |4 — x| +2log,(2x —1) = 4log,3 &
< log,(|4—x|-(2x—-1)) =2log,3 & |[4—x|-2x-1)=09.
PaccMoTpuM ABa ciydvas.
Eciu x>4, 10 (x—4)(2x —1)=9 < 2x?2—9x—5=0, otkyAa x=>5
anbo x =—0,5. Kopeb x = —0,5 He yIOBJIETBOPSAET HEPABEHCTBY X > 4.
Eumm x<4,10 (4—x)(2x—1) =9 & 2x%—9x +13=0. ITocneaHee
ypaBHEHHE HE UMEET KOpHEeM.

Omeem: 5.
IIpumep 2. Pewwute ypasHenue log,_; x*=log,_;(6x —8).
Pewenne. log,_, x>=log, ,(6x—8) &

x*=6x-8, x*—6x+8=0, [x=2,
2 0 x =4,
o {X>0 o [ 70 PR o x=4.
X—1>0, x>l, x>1,
x—1#1 x#2 x#2

Omsem: 4.
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4. IIpuMeHeHuUe cBoiicTB PyHKIIMHA
IIpumep 1. PeuminTe ypaBHeHHUe

log, x = 2
ogyx = 7.

Pemenne. U3 ycnoBus cieayet, 4yTo x € (0; +o). Ha 3TOM nnpoMexyT-

ke ¢yHkuua f(x) =log, x MOHOTOHHO Bo3pacTaerT, a GyHkuua g(x) =%

MOHOTOHHO yObiBaeT. [ToaTromy ypaBHeHHe f(x) = g(x) uMeeT He Gosee
oaHoro kopHA. Ilockonbky f(2) = g(2), x = 2 — eIUHCTBEHHEIH KOPEHb
ypaBHEHHUA.

Omeem: 2.
IMpumep 2. Pemure ypaBHeHHE

log, (x2 — 6x +12) = cos(27x).
Pemenue. Ilockonbky
x2—6x+12=(x—3)2+3 > 3,

HOTYy4YUM
log, (x?—6x+12) > 1.

Ho
cos(2mx) < 1.

[ToaTOMy ypaBHEHHE UMEET pelleHHe TOMbKO B TOM Cy4ae, eciu
logy(x*—6x+12) =1,
cos(2mx) = 1.

EXuHCTBEHHEIM KODHEM II€PBOTO YPaBHEHHUS CHCTEMBI SIBIETCA X = 3,
KOTOPHIH YAOBJIETBOPSIET U €€ BTOPOMY YPaBHEHHIO.

Omsem: 3.
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6
7
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9.
10

11.

12.
13.

14.
15.

16.
17.
18.
19.

20.
21.
22,
23.
24.
25,

.a) log; x=

JlorapudmMudeckrue ypaBHEHHA

.a) log,_,(2x*—9x+10)=0, 6)log,_,(3y*—7y—5)=0.
. a) log,g y*=log;4(19y)?, 6) log;g z* =10g,5(162)>.

1 1
log,, x’ 6) logys 2= log,sz°

36
. a) x% +logg x +logg 2x—5=11, 6) y2+log6y+log67=83.

a) log; (x? —12) =logs(—x), 6) log;(y% —35) =log;(2y).

1 _ 1
-+ 2) logyy X = =73, 6) logis ¥ =15 13-

. a) log;; (x* — 5x +6) =log,, (x — 2),

6) log,; (y2+9y +18) =log;, (¥ +6).

a) log? x —log, x> +2=0, 6) log2z —log, 277 +12=0.
a) log; (4x — 1) =log,(4x — 1), 6) log2(7y — 5) =log, (7y — 5)*.
. a) log,. 13=logy, g, 13, 6) log,. 17 =log,,3, 17.
x+6)(x+7) _ z-NE=+7) _
a) log,(x +8) =0, 6) log,(z+8) 0.

a) (x+1)log,,,(x+3)=0, 6) (x+5)(x+2)log_,_,(x+9)=0.
a) (x+2)(x—>5)log,_ . (x+7)=0,

6) (x—9)(x+2)log, 3(x+4)=0.

a) (x—1log, (x—7)=0, 6) (x+8)log, 4(x+1)=0.

(+1D(+19) (x=-11)(x+21) _
) gy 1 =0 0 o1 O

a) (x—5)log,(x—5)=0, 6) (x —8)logy(x—8)=0.
a) logy (2% —24) =logy(—22), 6) logg(x?— 18) =logg(3x).
a) (x2—4)In(1-x) =0, 6) (y*-16)1g(1-y)=0.

a) log,(2 —y) -log,(2y* -9y +10) =0,
6) logg(3 — y) -logs (2y%2 — 13y +21)=0.

a) log,_,(x*-5)=1, 6) log,_5,(22—8)=1.
a) (x?-9)1g(—x) =0, 6) (y*—41g(—y) =0.
a) (x+2)In(x+1)=0, 6) (z+3)1g(z—7)=0.
a) logs(x +1)*=8, 6) log,(z —2)°=12.

a) log,(x*—7)=log,_, (4—x), 6) log,(x*> —23) =log,_, (6 — x).
a) log,; (¥>—35)= log;_, 1, 6)log;; (y?2-3)= log;_, 1.



TpenupoBoyHas pab6oTa 7

Pemrnre ypaBHeHHe
1. log,2 13=log,_,, 13.
2. (x+1)log, ,(x+3)=0.

3. x*+log, x +log, % =50.

4. log;s x* =log,s(15x)2.
5. logg (5x—4) =logs(5x — 4)2.

(x—16)(x+19)_0
log,,(x+17) — ™

7. log, (x* — 12) =log, x.

8. logs (x +1)*=8.

9. log, (3 — x) -log, (2x% — 13x +21) =0.
10. log,,(x? —24) =logy_, 1.

logZ,,(x— 1) +logi(2x~5)

log2 x-1) +log§(x -2) o

x+1

Vad—x—/x®—5x*+4x

12. =1.
VE=x+logl . (x*—5x2+4x+1)

Sx+

11.




YacTb II. CUCTEMBI YPABHEHUN

BHavaJie HaIOMHUM OCHOBHbIE olpeZeieHrs. PaccMOTPUM ypaBHEHUA
f;)=0 u glx;y)=0. )
rOBOpHT, 4TO AaHa CUCTEMa

flx;y) =0,
gl;y)=0

ABYX anrebpanyeckux YpaBHEHHH ¢ JByMA HEM3BECTHBIMU X U Y, €CIH
TpebyeTcst HAaWTH Bce naphl yucen (Xq; Yo), KOK4aA U3 KOTOPHIX SABIAETCA
peleHreM KaXJoro U3 ypaBHeHui (1).

ITapa uucen (Xp; Yp) Ha3bIBAETCA pelleHueMm cucmembt ypasHenuii (2),
€C/I1 OAHOBPEMEHHO CIIPABEJ/IMBLI IBa YMCJIOBBIX PaBeHCTBa f (Xq; ¥p) =0
u g(xo; Yo) = 0. Pewums cucmemy ypasuenulii (2) — 3uauum Hatimu MHO-
Hecmeo scex ee peweHutl (ecau 3mMo MHOHECMBO ABAAEMCS IYCMbLM, MO
2080pAm, YUMo cucmema He umeem peueHutl).

CucTeMbl Tpex U Oosee ypaBHeHHMH c Tpems U Gojiee HEM3BECTHHIMHU
ONpe/eIAI0TCA COBEPUIEHHO aHAJIOIMYHO.

[pexxzie 4eM epeXoANUTh K IPHMepaM pellleHHUs CUCTeM YpaBHeHUH 110
KaKAOH M3 LecTH QyHKLHOHAILHO-YHCIOBBIX JIMHUN IKOJBHOTO Kypca,
yKa)KeM HeKOTOpble OCHOBHbIE PaBHOCWIbHbiE Npeobpa3oBaHUA CUCTEM
YpaBHEHHUH:

® TIepeHoC CcjlaraeMoro U3 o4HON 4acTH YpaBHeHUs B ApYTYIO;

® YMHOXeHHe 00euX yacTeil ypaBHEHHS CHCTEMBI Ha OJHO U TO ke
OTJIMYHOE OT HYJA YHUCIIO;

® TIOWIEHHOE CJI0XKEeHUe JBYX YpaBHEeHMH CHCTEMBI C TTOC/AeAYIOLEeH 3a-
MeHO# OHOro M3 HUX Ha ypaBHeHue, NOJyYeHHOe B pe3y/bTaTe CoXe-
HUA.

3ameuanus.

1. lloureHHOe yMHOMKEHUeE JByX ypPaBHEHMH CHUCTEMHbl C IOC/IeAyo-
el 3aMeHOM OJHOrO M3 HUX Ha ypaBHeHWe, MOMyYyeHHOe B pesyabTaTe
YMHOXeHUsA, MOXeT [IPHBECTH K MPUOOPETEHUIO MOCTOPOHHUX pellleHUi.
B arom ciydae ciefiyeT caenaTh NMpOBEpPKY HailZIeHHBIX pellleHHil myTeM
HX NOJACTAHOBKH B UCXOAHYIO CUCTEMY.

2. [Ipeo6pasoBaHusl ypaBHEHUH CUCTEMB! (B YaCTHOCTH, IPUBEAeHME
nofo6HEIX) He JO/DKHBI M3MEHATh 00JIACTH JOMYCTUMBIX 3HAueHWil Iie-
peMmeHHBIX. Cy>keHHe 06J1acTH JOMYCTUMBIX 3HAUYE€HHIH MOXXET IPUBECTH
K [oTepe pelleHMH, paciidpeHUe OOGJACTH AONYCTHMBIX 3HAYeHUH —
K MpUOOpEeTEeHUIO TOCTOPOHHUX pPeIeHUH.

2



§ 1. CucTeMbI 1eJIbIX aNrebpanyeckuX ypaBHeHUM

CucreMbl TMHEHHBIX ypaBHEHHUH, KOTOPHIM 3HauuTelbHOe BHHMaHUe
yAeNIOCh B OCHOBHOII LIKOJIE, MBI 34ech paccMaTpuBaTh He 6yzeM. Oc-
HOBHBIMHM METOAAMH pelleHHUs CHUCTEM, COAepXallWX HeJHHeHHble ypaB-
HEeHMUS, ABJIAIOTCA ClleAyIolue:

® [I0/ICTAHOBKa,

® 3aMeHa NepeMeHHO,

e arebpanyeckoe CIOXeHHe,

® DasJIoKEHUE HA MHOXUTEJH.

PaccMOTPHM HECKOIBKO MIPUMEPOB pellleHUsi CUCTEM LiesblX aarebpa-
MYEeCKUX ypaBHEHHH, HauaB ¢ pa3bopa 3azau 1 u 2 gactu II BBOAHOM
JAUArHOCTUYECKOH paboTEHIL.

Mpumep 1. Pemnre cucTeMy ypaBHEHHUH

{xy+x+y =11,

xzy —1—xy2 = 30.
xy+x+y=11, xy+x+y=11,
Pemrenue. 5 )
x°y+xy<=30 xy (x+x)=30.

O6o3HauuM Xy =2, x + y =t.

t=>5,

z+t=11, { =6,

CucteMa npuMeT BUA {tz=30 = (=6,
Lt

B

-

-

——
b R T
i

x+y=5,
xy =6.
Toraa =

2|
1

Omsem: (3; 2), (2; 3), (5; 1), (1;5).
Ipumep 2. Peiunre cucTeMy ypaBHEHMIA

x?+y* =gz,
x+y+z=-0,5.

-

X o=
I

b

=
]

>

3
2
2
3,
5
1
1
S.
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PemieHue. Bripas¥M M3 BTOpOTO YpPaBHEHMs II€PEMEHHYIO Z depe3
fepeMeHHbIe y ¥ X U MOACTaBUM IOJTy4YeHHOE BblpaXXeHUeE B NIepBOe YpaB-
HEHMe cucTeMBL: X2+ y2=—y —x —0,5, otkyaa x>+ x+y*+y +0,5=0.
BblfeIMM TIO/IHBIE KBaApaThl B JIeBOM 4acTU MNOC/AeAHEro ypaBHEHMs:
(x+0,5)?+ (y +0,5)>=0. Cymma /ByX KBaZpaTOB paBHa HYJIO, TOAbKO
eC/IM KXAbIH M3 HUX paBeH Hymo. 3Ha4yuT, X =—0,5, y =—0,5. [ToaTtomy
z=-0,5—x—y=0,5.

Omeem: (-0,5; —0,5;0,5).

OJHMMHU M3 OCHOBHBIX METOAOB pellleHHsA CHUCTeM HeJIHHeHWHEIX ypaB-
HEHMUI1 ABJIAIOTCA METOZ MOACTAHOBKY U MeTO/, BBE/IeHUs HOBBIX IIepeMeH-
HBIX (B IpeAejiaXx OAHOTO YPaBHEHUS WIM BCEH CHCTEMBI), KOTOPhIE IIPOWI-
JIIOCTPHPYEM CIEAYIOLIMMHU IPUMEpPaMH.

[pumep 3. Pemmre cucTeMy ypaBHeHHUiA
3x?+2y = -1,
{x4+x2y -y*=-5.
1+3x2

Pemenne. M3 nepBOro ypaBHeHHUs CUCTEMBI ¥ = — 5~ [OCJIE TOA-
CTAaHOBKH BTOpO€ ypaBHEHHE IIPUMET BUJ,

2 252
x4+x2(_1+23x )_(_1+23X ) - 5 &

S 4 —2x2(143x) - (1+43x%)2=-20 & —-11x*—8x*+19=0

O603HauuM t =x2, t = 0.

t=1,
Toraa 11> +8t~19=0 < [ 19
t=—25.
11
x=1,
[TockosnbKy t = 0, HaM MOAXOAUT t =1, TO eCTb ?*=1& x=—1
2
Torma y = —bi,‘(,ii =-2.

Omseem: (1; -2), (-1; —-2).
IIpumep 4. Pemure cucTteMy ypaBHeHUN

Ce+xy2+yH) (x +yH)? = 225,
(x—xy?+y?) (x+y?)? = 25.

Pewenue. Ilycts x+y2=3z, xy’=t.
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Cucrema MpUMET BUA

(z+10)22 = 225, =y, t =31, z=5,
~ = [—1
(z—t)2? =25 (z—1t)2® = 25 %-Zzzzs t=4.

BbinonHuM 06paTHYIO 3aMeHY:

f ) x=1,

{y=2,

x=1, x=1,

x+y? =35, { 2 =4, {y=—2,
{xy2_4 = = 4, = x =4,
{y2=1 {Y=1’

x =4,

_{y=—1-

Omsem: (4; 1), (4; —1), (1;2), (1; -2).
Cpeau crcTeM HeJIMHEHHBIX YpaBHEHHUH JOBOJBHO 4acTO BCTPedaloT-

Cs CUCTEMBI, COAEpXKallrue OAHOPOAHbIE YpPaBHEHHUA, U CUCTEMBI, IPUBOAH-
Mbl€ K NEPBBIM.

IIpumep 5. PemuTe cucTteMy ypaBHeHUH
x?—3xy+2y? =0,
{ x*+y? = 20.
Pewenne. Pa3fenum nepsoe ypaBHeHHe cHCTeMbl Ha y2 (3amMeTHM,

4yTO IIpH y =0 cucTemMa He UMeeT pelleHuH):
2

3 2
—yx—z—y—";y+2=o = (:V’i) -35+2=0.
X
==1,
X 2 [=1, Yy
O6o3HauuM = =t. Torna t* —3t+2=0 TO €CTb {
y t=2, ;:2_

X=Y, X=Y,
x? 4+ y? =20, 2y? =20,
—

x=2y, x=2y,
x?+y?=20 5y?=20.

Omeem: (v10; V10), (—=V/10; —V10), (4; 2), (—4; —2).

CrnejoBaTebHO,
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IlpuMep 6. PelnTe cUcTeMy ypaBHEHHH

2x? —3xy +3y? = 80,
x?+xy —2y* = —56.

Pemrenune. 3ameTnM; yto 80=8-10, =56 = —7 - 8, yMHOXXMM IIEPBOE
ypaBHeHHe Ha 7, BTopoe Ha 10 U c10KHM:

14x2 — 21xy +21y2 + 10x% + 10xy — 20y*> =0 &> 24x2 - 11xy+y> =0.

Pasfie/lMM NosydeHHOe ypaBHEHHe Ha x° (3aMeTUM, 4To TpH x =0 cucTe-
Ma He UMeeT pelleHui):

2
24-112+L =0 = (Z
X X

2
Y L oa_
x) ~112 +24=0.

0603HaYuM % =t.

Y
2 =8, ;—8, y =38x,
Torpa t“—11t+24=0 < TO €CTb =
t=3, Y _3 y=3x.
X
TNomyunm
y = 8x, y =8x,
2x2—3xy +3y? = 80, ==L
PR 17’
y = 3x, y = 3x,
2x%2—3xy+3y? =80 x* =4
C(2V2,16V2Y, (=2V2 =16V2Y\. . oy, (.
Omeem: (m J1_7) ( Ay ),(2,6),( 2; —6).

Cpemd CHCTEM HEJMHEHHBIX ypaBHeHnﬁ MOXXHO BBIACIHUTb CUCTEMBI
CHUMMETPHUYCCKHX ypaBHeHnﬁ. K HUM OTHOCAT CUCTeMEI BHJa

flx; ) =0,
glx;y) =0,

rae f(x;y) = f(y; x), g(x; y) =g(y; x) (Takue MHOrOWIeHbl Ha3bIBAIOT
CUMMETPHAYeCKUMH). MHOTOWIEHH U =X + Y U V = Xy Ha3bIBaIOTCA JJle-
MEHTapHbBIMH CUMMETPHUYECKUMU MHOTOWIeHaMu. PellleHHe CUCTEM CHUM-
MeTPUYECKUX ypaBHEHUI OCHOBAHO Ha TOM, 4TO Ji060ii CHMMeTpHUYeCcKUi
MHOTrOWIeH MO)XHO BBHIPAa3UTh Yepes afieMeHTapHule. Hampumep,

2+y?=(x+y)?-2xy =u?-2v,
X4y = (x+y)®-3xy(x+y) = u®-3uv.

[TpumepoM pellleHHs TaKOH CUCTEMBI sIBJIAETCA npumMep 1 aToro maparpa-
¢da. B HEKOTOPEIX CiIy4yasX pellleHHe CUCTEM CUMMETPHUYECKUX YPaBHEHUI
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yAaeTcs IMOJYyYHUTb 0e3 HUCIOoNb30BaAHUA 3JIEMEHTAPpHBIX CUMMETPHYECKHX
MHOTOWICHOB.

IIpumep 7. Peniurte cucTeMy YpaBHEHUI

xy =2,
C+yd=09.
xy:z: x3y3=8,
Pelienne. 3 3 = 3 3
x°+y’=9 x’+y =09,

ab=38,
=

a+b=9

a=3§, x> =8, =2,

b:]-’ y3=1’ .y= >

= Toraa =
{CI:]., x3=1, {x: )

b=8. y3:8 y =2

Omsgem: (1;2), (2;1).

Pelenue cucrem ypaBHEHHﬁ, cogepxaliux Moayib, OOBIYHO CBOAHUTCA
K paCCMOTPEHHUIO HECKOJIBKUX C/Iy4a€B, B KAXKA0OM U3 KOTOPBIX IPUXOAUTCA

pelaTh CHCTEMY YpaBHEHMH, yke He coJepXKalllUxX 3HAKOB abCOMOTHOIM
BEJIMYHHBI.

IMycts x*=a, y® =b. onyuum cucremy {

IIpumep 8. Perinte cucTeMy ypaBHEeHHUH

lx—1[+y =0,
2x—y =1
{Ix—ll+y=0,
Peurenmne.
2x—y=1
-
x—120, ( xz1,
x—=1+y=0, 3x =2,
2x—-y=1, y=2x-1, {x—O,
= ~ = 1
x-1<0, x—1<0, y=-
—x+1+y=0, y—x=-1,
2x—y=1 2x—-y =1

Omeem: (0; —1).



CucTeMsbl 1eJIbIX ajire0panyecKUux ypaBHeHHHN

Peminre cUCTeMy YpaBHEHHM

1. a) X y
§+§=5.
x_Y_

2. a 27574

) x Y _
gT10=%
3x2+y

3.a) o?

(x+6 )2—7 s

4. a) yz Y
(x+6y)*=7x.
5x -4y =9,

5. a) y= 9
(5x —4y)?=x>+80.
2x+3y=7,

6. a)
2x2+y=09.
2x=5y*,

7. a) y
Sx= 2y
(2x+3)*=7y,

8.a) 5 Y
Bx+2)=7y.
3x“—2x=y,

9'a){Sx 2=y.

3 -y)=0,
10. 2) {(x y)(x—y)

y*+3y+1=x.
2
x“=4y+1,

11. a) ) Y 2
x“+3=4y+y“.
(x—-2)(y+3)=0,

12 ){ Y

(x> —-4)(y +4)=3x.

R Vnoousuia 1 AunTamMel VNARKAHUA

| Il
_
e L

(=)

Nt/
W= =
NI Wi

6x2+5x=11y,
6x+5=11y.
(x+2y)(x—3y)=0,
y*—4y +25=2x.
x*=2y-7,
x24+23=2y +y%
(x=3)(y—-7)=0,
(x* - 9)(y —4) =24x.
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x2=36y2, -—9_y2’
13.a) { 6)
§=Yy+7 -—y+2
x*=3y -2, x2=5y -6,
14. a) 2 Y Y=
y°=3x-2 2=5x-6.
5 _ 2 2
xy=1
9,8_,8,9 x11y10 = y10, 11
16.a){ 2 ¥ 6 =x"y",
Xy =36 xy =64.
x(2x—-3y)=4 x(7x—2y)=14,
17. a) ) Z 6) Y
4x“=9y 49x* =4y?,
2 2
=3 =
18. a) {x +y*=36, 5 {x +y*=5,
Xy =6.
x+y=10, x+y 2,
19.
a){xy=24. 6){
(x—2y)(x+3)=0, (x—=5y)(x—-3)=0,
—xy—3y+4=0. 4y —xy +3y+4=0.
x+3y|=2y+3, + 2y +1,
21. a) | yl=2y &) x+yl= y+
12y +3|=5 12y +1]|=
2x*+3y?=11 2x% +5y% =23,
22. a) ) )
4x“+6y“=11x 6x% +15y2 =23x.
2y* +3x* + 4| =2y?
23.a){| y?+3x%+4|=2y% +3x% + x,
xy =8.
6) 13y% +4x* + 4| =3y? +4x%* +y,
xy=-8
x—2y|=5, —-5y|=9,
24.a) | X2 |x =5yl
y(x—2y—-5)=20 y(x—5y —9)=-90.
x+2y=5, x+7y=1,
25. a) 2 ) ) )
x°—4y“=35 x?—49y* =5,
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Pemmre cucTeMy ypaBHEeHHH.

3x+5y=1, ; x+y+xy=5,
2x—=3y=7. x2+y2+xy=7.
x—2y+2z=3, x2—2xy=3’

3x+y+z=1, 8 3x2—2y?=1.

—2x+3y —3z=—-4.
o {x2+y2+x+y=8,

3. X%y + y*x=6.
y“+x=0. Iy
2 _
x+y 1, 10 {x ty=2,
4. * 2
x+y“=2.
x+y+xy=0, x+y=2,
5. 11 y
S+y3+x3yi=12. [3x —y|=

6.

|
|
{(I 3)(x+2y) =0,
g
;
B

x|+ 2|yl=3,
12.{' |+2ly]

X+xy+yi=7. 7x+5y=2.



§ 2. Cucremsl, cogepikalue ApoOGHO-palinOHAIbHbIE
YpaBHEeHHs

O61re MeTozbl pellieHHA CHCTEM, COAEPXKAIIUX APOGHO-pallOHab-
Hbl€ ypaBHEHHA, OCTAIOTCA TEMH XKe, UTO U JJIf CUCTEM lLieJIbIX ypaBHEHU:
MeToZ anrebpanyecKoro CIOXeHUs, MOACTAHOBKA, 3aMeHa IepeMeHHOM
B NIpe/iejlax OZHOT'O WM HeCKOIbKUX YPaBHEHUH CUCTEMBI, pa3jlodKeHHe Ha
MHOXXHUTEIHU U T.1I. OCHOBHOE OTIMYMe — HaJMYie OrpaHUYEHUM, KOTO-
PBIM JO/KHBI YAOBJETBOPATD pellleHUs CUCTeMbl (3TH OTpaHUYEHHA, KaK
IIPaBIJIO, CBA3AHO C yCIOBHEM HepaBeHCTBAa HY/IO 3HaMeHaTeslell ogHOM
WIH HECKOJIbKHX anrebpauyeckux apobeit). PaccMoTpyM npuMephl, HadaB
c pelreHus 3aAa4 3 1 4 yacTH Il BBOAHOI AUArHOCTHYECKOI paboThI.

IMMpumep 1. Peumnte crcTeMy ypaBHeHUH

3
67

<%

2

< X<

2=-5,

=

PemreHne. PaccMOTPHUM TOJBKO MEpPBOE ypaBHEHHE cHCTEMBl U 060-

3HaYUM §= t, Torga - %, t#0.

X
Hmeem t—%z% & 6t2-5t—6=0
3 x_3
=—’ _2’
= 2 To ecth | °.
t=—2 x__2
- 3’ - 3"
Y 3 3
- x=§y, x="§.)’:
[lonyyaeM ABe CUCTeMbl ypaBHeHUH | , “ , Wiy , 5
3 x“—=y“ =5 x“—=y“=5,
X=5Y, X=-3Y,
Te 19 ,° Wiy g4 , °, Bropas cucTeMa He UMeeT pelle-
3y "Y' =S oY Yy =5.

HUM, pellieHus NepBOl CUCTEMBI JalOT OTBET.
Omsem: (3,2), (-3, —2).

ITpuMmep 2. PewmuTe cHCcTeMy ypaBHEHUH

x?4+2y*

% =

x2+2y%y\2
— ] =9x.
( y )

3,
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2 2

x<+2y

Pemrenune. Ilyctb =gz. [lonyyaem

BepHeMCH K [IPEXHUM [IEepEMEHHEBIM!

x=1,

x=1, X=1, y:]_,
2 2 = ="

X2 _ 4 2y?-3y+1=0 x=1,

Y 1

y=3.

Omeaem: (1; 1); (1; %)

IIpumep 3. Pemute cucreMy

x—
{ny x3y =15,
X_Y+;=15.

X
Pemenne. O603HauuMm a=xy, b= 3y Torzxa cucrema mpUMeT BUJ

2a—3b =15, a=12,
a+b=15 b=3,
xy =12, - x =3y, - x =3y,
i >=3 y-3y =12 yi=4
Omeem: (6; 2), (—6; —2).
IIpumep 4. Pemute cucTeMy ypaBHEHUMA
3x+2y+ o =4
XTey 3x+2y — "
Yy _
3xt2y—3 >

Pemrenune. Ilycth 3x 42y =t, t #0. Torga nepBoe ypaBHeHHUe CUCTe-
3
MbI IPUMET BUA t + T = 4. YMHOKHMB 0be 4acTH MOMy4eHHOTO YpaBHEHUS

HA ¢ ¥ pellUB IOoAyYeHHOe KBaJpaTHOE YpaBHEHHUe, HaliieM, 4To t = 1 JIu-
60 t =3. B nociegHeM ciyyae 3HaMeHaTeb ApoOU B JIEBOH YaCTH BTOPO-
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ro ypaBHEHHUA CHCTeMbl ofpaiiaeTcs B Hy/b, [IO3TOMY OCTaeTCs TOJIBbKO
3HaueHHe t =1, T.e. 3x + 2y = 1. IloacTaBUM 3TO 3HaYyeHHE BO BTOpOE

YPaBHEHHE CHUCTEMBI: 1yT3 =35, orkyza y = —10. Torza 3x —2-10=1
HX=T7.

Omegem: (7; —10).

Ilpumep 5. PemuTe cucTeMy ypaBHEHM

X

y=—"%
1—x+6
x(x*—y—36) =0.

Pewenue. [peo6pasyem IpaByro yacTb IIepBOTO YPaBHEHUA CUCTEMBI:

x x _ X
6 T x-6%6 X
x+6 x+6 x+6

I[TockonbKy 3HaMeHaresb J060M U3 ApoOei OTIUYEH OT HyJIA, MOoIydYaeM,
4ro X #0, x # —6. B 3TOM Ciydae

i =x+6,
x+6
U NEepBO€ ypaBHEHHE CUCTEMBI MPUHHUMAaeT BUA y = X + 6. Ilockonbky
x #0, 13 BTOPOro ypaBHEHUSA CHCTEMBI MOTy4YuM X2 — y — 36 =0 . [Toacra-
BUB B 9TO ypaBHeHHe y = X + 6, IIPUXOJIUM K YPaBHEHHIO x2 — x —42=0,
KODHAMH KOTOPOr'O ABJAIOTCA X = —6 (3TOT KOpEHb He YAOBJETBOpSET
YCJIOBHIO X # —6) u x =7 (B aTOM ciydae y =7+ 6=13).
Omeem: (7; 13).



CucreMbl, cozepikalyue ApoOoHO-palMOHAIbHD
ypaBHeHUsA

Pelure cucTeMy ypaBHEHHH

X _ X —
2y+3_3’ 4y +1 2,
.a) y 1 0) Ty 1
2y+3~ 9 4y+1~ 3°
Xy x Yy
‘a5 3 6)\g 7
;+;=Z ;+;=5
12 , 25 14 15 _
x+7_7’ ?-—7—12,
.a) 6 6)
_+§_—_2 Z_.?l=2
x oy x y
5x _ 8y 7x _ 2y
.a){ 8 S5x’ 6){ 2y 7x’
Sx—-8y=20 7x—2y=-—14
2x+§=11, 8x+%=—13,
.a) 6) 3
7x+— 16. 3x+;=2.
(x—Nx—6) -0 (x—8)(x—4) =0
2 y+8 ’ 6 y-5 >
) +8)(y-8) —0 U—$U+&_0
x—6 ) x—4 -
6
4x = —+15 S5x=—=-17,
. a) 6) 2
X _Y x Y
La) { 4x-— ax—7" "4dx-7’ 6) 3x-8~ 3x-8’
4x? +19y+21 0. 3x2+5y—-8=0
x Y
.a) { 5x- 4_y 5y 4x’ 6) { 3x+4y 3y+ax’
=—16. xy=-9.
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x-1-3_1 x+7_1
4y - 4 8_)' - 4
10.a) x+3y 6) x+7y
ax Y 8x
x+1=3 2x-+-5=5
11.a){ Y+2 7 6){ Y1 7
x?=3y+7 x?=5y +8.
x—1=x—2 x—5=x+4
12.2){ Y-1 y-2 6){ ¥Y=5 y+#&
y*=3-2x. y2=5+4x
(x+1)(x—-8)=0, (y+7)(y—2)=0,
13. a) - 6
y=3 _o ) x+12_ _ o
x+y-2 x+y+10
1_4 1_9
14.a) { X** y¥ 6) { X* y*¥
2 _ X ©_ g2
15.a){ > ¥’ 6){ »* y¥
x—5y=15 x+5y=25
X Y X Y
= =~6:==-5, =+4+5-==6,
16.a){y x 6){ Y X
x—y=-14 x—y=4
15 . _
7.2 x+2y+x+2y 8, 5 X=¥y-3=y 3,
A A——Y
x+2y—5 x—y—4
18.3) 4 6) 5
+ +
- =3y+5 i =-2+3
x—4y—-8 x+2y—-4
19.a){ x b 6){ x o2
|[x—4y|=8. x+2y|=4
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x*+5x+4=0,
20.3) { x+y+6
y+2

=4,

+8(y+3) _
x—=2 -

2 —

x“+y=1.

0,

w

[,

<KIR <I%
I
N

%< X<
I
N

22, a)

|

(1 1
wufi;

|

|

!
N
i
w
X

24. a)

25. a)

x?+4x+3=0,
6) -
xty—-4_o
y—5
U—ﬂ0+®_0
6) x+6 T
x?+y=32.
x_Y_
T
x_Y_
S-y x =4x.
s+y=7
6) 1
=13
x+ 3 =-1,
6) Y
x__2
y 3
x%—10xy —_9
6) { 3xy+2y? ’
x+2y=-12



PenruTe cucTteMy ypaBHeHUH.

|
|
|
|
|
|

TpeunpoBouyHasi pab6ora 9

(x—=5)(x+6) -0
y+5 -
(y+5)(y—6)_0
x+6 -
_x __JY
3x—-2" 3y-2°

3y?—5x+2=0.

(x-6)(y=7)=0,

y—4

x+y—10=3'

3

x—2y+x_2y=

x—-2y-3~ %
x—=3y—-5 _

Jx —3y|=5.

x?-3x+2=0,

7. x+_y—3_3
y-2 7

(y-6)(y+3)
8. x—5 -
x?+y=22.

0,

X o) _
2;+3x—7,

X Y _
6;+93‘(‘—7X.

10

2
y;=5y,
11. )
24x°—7x _

y= )
1-1-)(‘—_—S

12
x(x*+y—25)=0.



§ 3. Cucremsl, coziepaallyie HppalHOHaJIbHbIE
ypaBHeHUSA

[pu pemieHNY cucmem UPPAYUOHANBHBIX YPABHEHUL UCHOb3YIOTCH Te
)K€ MEeTOZBI, YTO U NPH pelleHHH HppalMOHaIbHBIX ypaBHEHMIA: 136aB-
JIeHVe OT MppalHOHaJbHOCTH ITOCPEACTBOM BO3BejleHHA B KBaJpaT WIH
3aMeHBI lepeMeHHOMH. 3aMeHa epeMeHHOMH IPUMeHseTCs KaK B IIpeZesax
BCel CHCTeMBI, TAK M B [IpeZieiaX OJHOr'0 U3 ypaBHeHHii cucteMbl. Ocoboe
BHUMaHUe CJleZyeT yAeNUTh 0T6Opy pelleHUi, CBA3aHHOMY € HeoTpuLa-
TEJIbHOCTBIO BHIp@XKEHUI 10 3HAKOM KOPHS 4eTHOM creneHH. PaccMmoT-
PHM HECKOJBKO IPYMEpOB, Hayap C pellleHus 3agaHuil 5 u 6 yactu II
BBOJHOM AMAarHOCTU4ECKON paboThl.

TIpumep 1. Pemnre cucTEMy ypaBHEeHH

Vx+Vy =7,
Vxy = 10.
Pewrenne. Ilyctb /x=u, ,/y =v. [lonydaeM cucremy
u+v =7, u=2,
uv = 10, v =35,
=1
u= 0, u= 5’
v=0 v =2,
Vx=2, x=4,
\/7=5’ y—25’
3HAYMT, =
{ Vx=5, x =25,
vy=2. y=4

Omeem: (4; 25), (25;4).
ITpumep 2. Pemnre cucTeMy ypaBHeHHH

Vx+y+ \/2x+y+2 =7,
3x+2y = 23.

Pemenune. O6o3HauuM /x+y=t, t=20; +/2x+y+2=23, 22 0. To-

raa x +y =t%; 2x + y + 2 = 2%. CnenosaresbHo, t2 + 22 =3x + 2y + 2.
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Cucrema npumeT BUA

t+z=17, t=7-2, t=7-2,
2,2 A 2, .2 = 2 =
t+2°=25 (7—2)"+2°=25 2°—7z2+12=0

2x+y+2=4, {2x+y+2=16,

x+y=3, x+y=9,
CnegoBaTesbHO, =]

2x+y+2=3, 2x+y+2=9,

x+y=4 x+y=16.

Omeem: (5;4), (—9; 25).
[ x /Y _5
S4y/==z,
y x 2

IIpumep 3. Pemnre cucteMy ypaBHeHHMH
x+y=10.

X u+ 1 %, u= l,
Pemenue. Ilycts u=,/=. Toraa u = 2’ Cpenaem
Yy u>0 2.

obpaTHy1o 3aMeHy:

x 1 X

- =5 =2, _:2’ =8,
p{Vy 2 o7 n{Vy N

x+y=10 y=8; x+y=10 y=2.
Omsem: (2;8), (8; 2).

Vey +v/x3/y=12,

IIpumep 4. PewinTte cuicteMy ypaBHeHUH
xy =64.

Pemenue. YnpocTHUM BHa4asle NIepBOe YpaBHEHUE CUCTEMBI C YUETOM
BTODOTO:

{V;\/;+\/;%/§=12’ e {6 2yd+ §/xy =12,

xy = 64 xy = 64

=

o { Veary+ Voax =12, { Uy+$x=3

xy = 64 xy = 64.
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O6osHaunM §/x=a, W= b,a=0, b>0. MeeM

a+b=3, a=
6p6 = 64, {a+b=3, b
=

ab=2 < {

a
b
6
x=1,
BepHeMcA K MPeXXHUM IIepeMeHHbIM: WIH

b

[ B < T o]
A\R\V)

0
0

Omeem: (1;64), (64;1).
TpumMep 5. Pemure cuctemy ypaBHeHUH

\/20% =Vx+y+ix—y,
NN N s

Pemienne. O6yacThb ONpeAeNeHNs CUCTEMBI:
x+y =0,

x=y20, & x>y>o.
>0
y

. o2 . [TEX _ 2 2
[TepeMHOXXUM yYpaBHEHUS: 20; Wy = (\/x-l—y) - (\/x —y)°, win
8=x+y—x+y,ToecTb y=4.
3 BTOPOTO YpaBHEHUA CUCTEMEI ITOJIy4aeM

§x=x+4—2\/x+4~\/x—4+x—4 =4 2x—%x=2 x2—-16,

3

2 x=
OTKyJa (%x) =x’-16 [x— 5. X = —5 — NOCTOPOHHUM KODEHb.

Omeaem: (5; 4).
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Pelunte cuctemy ypaBHEHHH.

La) 2vVx=3y, & 5Vx=4y,
.a
¥ +2V/x=4. y*+5Vx=5
9 4 x—4/y=1, 6 x+2/y=-2,
' x+2y=17. x+2y=2
ao | FT-9=0,  [(/F-2)(/F-3)=0,
) 3x+5y=60. 3x+2y=15
5x-3,/y=-34 6x—-5/y=-37,
4, a) 6)
5x+3/y=-16 6x+5,/y=13
5. a) 3x=-7y, 6 2x=35Yy,
-
—21xy x+28. v/ 10xy=x+15
5/x+2y=31, 7vVx—2y =34,
6. a) 6)
5Vx+2y*=43. 7vx—2y*=10
Vxy =15,
7.a 6
4[ 6. I\ 25,/E=15
y
x/y =30,
8'3){xy “108. 6){x_y=150
Xy =-42,
9.a _3_x 0) 7—=—-6
vy o s '
VXy =4,
10. ){3)( y=-18. 6){2x—5y=12
ll.a) (X—7)v)’_2=0: 6) (X—g) y_4=0)
y?+3x-25=0. y%2+3x—43=0.
12. 2) (x—4)Vx—=54/y—5=0, 6) (x+3)vVx+2y/y+1
) y=x—-1. y=x-4.
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13. a)
(x+y—-10)y/y—-9=0.

14.
15.
16.

17.

18.
19.

20.
21.
22,

23.
24.

25.

a)

a)

a)

a
a
a

a

a

a)
)

)
a)

)

a)

)
)

{
{
L
{
k
|
|
|
|
g
f
{
{

(x=3)(y —11)=0,

y:
(y +3)(x—4) =0.

V2x+5=4/2y -3,

y*+2x=0.

(x—1)yy—6=0,

a)
(y—2)v/x—-3=0.

X —
Vv5—x=
(x —16)\/ =0.
Ix+2/y=
3

3

y—4,
=-10

2
xy/ — )

X
Yy =49.
2Vx—-3/y=1,
3Vx—-/y=5.
x+2/xy=0,
(x+3y)(x—4y)=0.

\/2x-3y=\/3x+2y,
y*+5y+x=16.

\/—+2,/_ 12.
2

3Ix-2y=y,
x2 +2y+y =4.

x“+ J/xy—2x—-12=0,

=2

x+7+/xy=8,
y+7/Xy=8.

(x—4)(y—-10)=0,
(x+y—-8)y/y—-7=0.

2x+5
y+7)(x— 4)

Vax-9= \/4y 1,
2_3x=-2.
(x+4)\/_ 0,
y—3) =0.
V10—x= y+1

(x%—36)
2x+5,/— 23,
14y/x+5/y =47.

.

6)

6)

)]

)
=0.

6)

y —25
3vVx—5,/y=-9,
5Vx—Jy=7.
x+9/xy=0,

vV x+8y —6x3+7y=0.

\/4x 3y= \/3x+4y,
y? +7y —x=4.

6x—5y=y,
x? +5y+y =7.

6)

6)

)]

)

6)

x—3\/_+4x+6 0,
r= f
VXy =2,

6
M\ 3y - var=

o
g
|
£
{
iy
|
|
g
;
iz
(s

X —
3y—
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Pemivre cucTeMy ypaBHEHHUH.

[ x-2=0, 7{m=6,
| 3v2x—-y=0 “|2x-5y=2.
x2—4x—5=0 {(2y—3)(x2—2x+3)=0,
’ 8
2. .
.{2)(—3\/?——-4, 9 \/3x—5=\/3y+7’
2 =16. .
x+3/y=16 y2+x=10.
4.{3\/36_+2y=13, o [e-avEa o
3vx+2y?=17. Vy=x-3.
5 {2x:3y, (yz—y—2) /x—3=0,
: 11.
Voxy=x+9 (2x2—7x+5)y/2y —3=0.
(x—2)4/y-3=0, (3x—=5)y/y2-3x—-4=0,
6. 12.
y*—2x-5=0 y—-3=v6-5x.



§4. CucreMsl, coaepikaliie TPUTOHOMETpHYECKHE
ypaBHEHUA

OCHOBHEIE METOABI PEIIeHNs] CUCTEM, COAEPIKAIUX TPUTOHOMETpHUYe-
CKMe ypaBHEHMs, BCE Te )ke: METOZ aare6paudyecKoro CIOXKeHHs, 3aMeHa
HepeMeHHO# B IpeZieyiax OAHOTO ypaBHEHUs WM BCei CUCTeMEI, IOACTa-
HoBKa. OTGOp pellleHHH B TaKMX CUCTEMax CBsi3aH JM60 ¢ OrpaHUYEHHO-
CTBIO CMHYCa U KOCHHYCa, JIU6O0 ¢ HATMYMEM KOpHeil YeTHOH CTeNneHH! WIH
anrebpanyeckux Apobeii. [TocMOTpHUM Ha KOHKPETHBIX IpUMepax, KaK MpH-
MeHSIOTCS 3TU MeTOABI, Hauas ¢ pa3bopa 3aganuii 7 u 8 yactu II BBogHO#H
JMarHOCTHYECKOH paboTHI.

IIpumep 1. Pemure cucteMy ypaBHeHUH

Vy+cos?x—2+cosx =0,

ysin?x—sinx—1=0.

Pemnenue. BHauajne paccMOTpHM IepBOe ypaBHEHHE CUCTEMBI:

Vy+cos?x—2+cosx=0 & y/y+cos?x—2=—cosx <

y +cos?x —2 = cos? x, o 7= 2,
cosx £0 cosx < 0.

IIpu y =2 BTOpOE ypaBHEHHE CUCTEMEI IPUMET BUZ 2 sin®x —sinx —1=0,

. T o
OTKyZa sinx=1u x= 3 + 27n, n € Z (a1a Bcex TaKUX 3Ha4YeHHil mepe-
MEHHOMH HepaBeHCTBO cos X < 0 BHIIIONHEHO), i1bo sinx =—0,5. C yueToM

HepaBeHcTBa cos X <0 u3 ypaBHeHus sin x=—0,5 nonyyaem x=— 5?“ +2nk,
keZ.

Omeem: (g+2nn; 2), nez; (—‘%ﬂ + 27k; 2), keZ.

2sin’x+3sinx+1 _

0,
Ipumep 2. Pelnrte CUCTEMY YpaBHEHUM vy

y+4\/§cosx=0.

Pemenne. M3 nmepBoro ypaBHeHMsI CHUCTeMHl ciiefyeT, uro y < 0. To-
T/la ¥3 BTOPOrO ypaBHeHUs Nojiy4aeM, 4To cosx > 0. Yucaurens apobu
B JIEBOM YacTH IepBOTo ypaBHeHUs obpamaercs B HyJ/lb, €I sin x = —0,5
160 sin x = —1 (3TH 3HaYeHHs MepeMEHHOI He YAOBIETBOPSAIOT HEPABEH-
cTBY cos x > 0). C yueToM ycnoBuii sin x = —0,5 u cos x > 0 nony4yaem, 4To

9 YpaBHeHWR N CUCTEMbI YDABHEHWI
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x=—Z% +2mn, n€Z. B 3ToM clIy4ae cosx = ‘/7§ W BTOpOe ypaBHeHue
cuCcTeMBI TIPHHUMAeT BUA ¥ + 43 - ? =0, oTkyAa y =—6.

Omeem: (—% +27n; —6), nez.

cosx=y+1,
IIpumep 3. Pemute cucTeMy ypaBHeHUH
sinx=14/3y2+2y.

Pemenne. CucreMa paBHOCWIBHA CIeAYIOLIEH:

cosx =y+1, cosx=y+1,
sinx = 1/3y%+2y, & { sinx =4/3y?+2y, &
coszx+sin2x=(y+1)2+3y2+2y yi+y=0
[ [y=0,
cosx =1, y=0,
sinx =0, {x:Znn, nez,
= . = y=-1,
chosx =’0’ {x=§+27‘ck, ke Z.
sinx =1

Omeem: (27tn; 0); (g +27k; —1), n, kezZ.

1
y—x=g3,
Ipumep 4. Pemurte cucTeMy YpaBHeHHH 4
P P yyp {cos(nx)-cos(ny)=§.
PemeHue. CucTeMa paBHOCWIbHA CIeAyIOILEH:
1
y=x+gzg,
4 V2
cos(mx)-cos(my) = -5
[MoacTaBuM y =x + % BO BTOpOE ypaBHEHHWE CUCTEMEI U PelliyM ero:
1 n n\ _ V2 m) _ V2
2(cos(2ﬂx+4)+cos4) = = cos(27rx+4) = =
2nx+2 =2 4270, nez, xX=n, n€z,
4~ %
= s P (=12 1
2nx+3 = -7 +2nk, k€Z x=—2+k, k€Z
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BennoMH#M, yTO ¥ =X + % Torza

x=n,
y=n+%, nez,
x=k—%r,
y=k, kelZ.

Omeem: (n; n+ %), (k— %; k), n,keZz.
Ilpumep 5. Pelrnre cucTeMy ypaBHEHHH
sinx+cosy =0,
{ sin? y +cos?x = 1,5.
PemeHne. CucTeMa paBHOCHIbHA CIeAyloLieit:

sinx+cosy =0,

sin?x+cos’y = 0,5

sinx+cosy = 0,
2 ) =
1-cosy+1—sin“x=1,5

. sinx = l,
cosy = —sinx, 2 1
) 1 cosy = —3,
= SInxX = E, == 1 =%
1 sinx = -3
sinx = —E 1
cosy =3
- nT
x=(-1) -6-+7tn, nez,
y= i%"+2nk, kez,
=

X = (—1)’"“%+nm, mezZ,
| ly=+£3+2al lez

A 1nZ .4 27 .
Omeem: (( 1) 3 +7n; £ 3 +27rk), nkez,
((—1)’“+1 % +tm; :l:g + an), m,lEZ.
IIpumep 6. Pelrute cucreMy ypaBHEHUH
{ sinx-siny =

COSX:COSYy =

I L
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Pemrenne. 3aMeHUM IepBOe ypaBHeHHe CYMMOM, a BTOpOe — pasHo-
CTbIO YPaBHEHUH CHCTEMBI:

1 <

{cosxcosy+sinxsiny =1
cos(x+y) =5

, { cos(x—y) =1,
. . 1 &
cosxcosy—sinxsiny = 3

12

[ = =+ n(k+n),
X—y=271n, n €Z, {x 6 ( )

T
==+mn(k—n), k,n€ Z,
= xX+y= §‘+27'Ck, kGZ, P Y 6 ( )

x+y=—§+2m,1ez

X = —g+n(l+n),
] y:—%+MFmLLn€Z

Omeem: (% + n(k+n); %+ n(k -n));
(- +r@+n);-Z+nU-m), k,n,1€Z.
IIpumep 7. PemunTte cucTteMy ypaBHeHUH
x—y=2=Z
.y - 27
cos? x4 siny = 2.
Pemenne. Tak kak cos® x <1 u sin? y <1, nonyyaem

cos’x =1, xX=7nn, n€Z,
=

2 2
cos“x+sin‘y =2 &
Y { y=5+mk, ke

sin?y =1
BCcrioMHUM, 4TO X —y = g Torga

7rn—§—7tk:-f2£ & nn—-k)=n oS n—-k=1<n=k+1;nkeZ.

Omseem: (n(k +1); g + nk), kez.
IIpumep 8. PemuTte cucTeMy ypaBHEHUH
x—2siny = y —2sinx,
{ x?+y?=1.
Pemienne. CucreMa paBHOCIWIbHA CJIEAYIOLLEH:
x+2sinx = y+2siny,
{xz +y?=1.
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W3 BTOpOro ypaBHeHHA ciieayer, uto |x| <1 u |y| < 1. PaccMoTpum ¢pyHK-
nuio g(t) =t +2sint. Ha npomexytke [—1; 1] ¢yHkIMA Bo3pacTaeT Kak
cyMMa ZByX Bo3pacTalomux ¢yHKuui. 3Hauut, g(x) =g(y) & x=y.
CucremMa nnpyHUMaeT BUJ,

(x= L
{ J].E’
xX=Y, Y=
=-75
{ =—l
L \Y 2
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ypaBHeHUS

Pemmure cucteMy ypaBHeHHH.
1 2cos’x —9cosx+4=0,
8cosx+5y=09.

2 cos? y+1lcosy+5=0,
Scosx—2cosy+4=0.
4tgx+5y=-9,

3.a){ eXTY
4tgx—y=-—

3tgx+4cosy =5,
3tgx+8cosy=7.

2x-7m)(y+3m)=0,

4. a)

5. a)

sin 3x +4/cos7y=

|
{
{
fe
{ sin?x + 7 cos y =8,
e
{
{

o
o

) 2sinx+7cosy=>5.

x=9siny,
7. a)
9xsmy—51ny+10

cos(3x—2y) =

8.
a) sin(3x+4+2y) =0.
7cos?x+9sin’y =9,

9.a)
7sinx—-9cos’y=7.

{ (16x —13m)(8y —157) =0,
10. a)

6) 2sin?x — 5sinx+2=0,
4sinx+3y=-1

6) 2sin?x +7sinx+3=0,
7cosy+6sinx —4=0.
5t 4y=-1

6){ gx—4y
Stgx+y=-2.

&) 7tgx+6siny =4,
7tgx —2siny =8.
(2x-5n)(y+7m) =0,

6)
vsin3x+ 4/cos8y=1.

6) cos® x +5siny =6,
3cosx+7siny =4.

p x=19siny,

)

v/ 19x sin y =sin y + 20.
cos(4x+5y)=-1,

6)
sin(4x —~5y)=0.

6) 6cos?x —5sin? y = -5,
6sin® x +5cos? y = 6.

{ (20y +7m)(8x~77) =0,

tg4x +4/tg2y = tg2x+4/ctg5y=
x?—5x+6=0, x?—x—20=0,
11. a) :
2siny =x. 4cosy=x.

{ (x=4(y+5)=0,
12. a)

. T
3cosnx+sm7y=2.

{(X—3)(,}’+11)=0,

LT
5cos7rx+sm7y=—4.
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13.a

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24,

a)

a)

a)

a)

a)

a)

a)

a)

a)

a)

a)

4x*=9y?,
2x 3y si 2x+3y
sin
6
25x2=16y2,
5x 4y . Sx+4y
sin ——==

x?=4siny+1,
x=2siny—-1.
1llcosx=5y -4,
cos’x=5y +8.
3sin?x=y+1,
3cos’x=y—2.

2y+3x 77,
2y+ X _

3cosx+25my—— ,
2cosx+5siny =3.

2sinx+3siny =5,
3sinx—2siny=1.
3x—2cosy=1,

3x+4cosy=7.
sinx=y—2,
cosx=y—1.
xsin2y =3,
x+sin2y =4,
xcos3y =53,
xsin3y =-5.
xtgy=3,
xctgy=1.
tgx=y—4,
ctgx=2y—7.

=1.

7cos’x=2y +1,
{7sin2x=2y—6.
4x—-7y=11nrm,
{xcos(4x—7y) =-7.
5cosx —cosy=—4,
{2cosx—3cosy=1.
3cosx—5cosy =8,
{5cosx—7cosy=12.
3x+4siny =5,
{3x+23iny=7.

xcos7y =3,
x+cos7y=4.
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Pemure cUcTeMy YpaBHEHHE.

2sin*x — 7sinx+3=0, 8 sinx=y -5,
6sinx +5y=13. " | cosx=y—6.
x2—4x-5=0,
2siny =x. 2cos2x+1 _
9 \tg2x ’
2tgx+5y =12, :
3 2tgx+3y=8. (y*-1)V2V3sinx=0.
4 sin®x+11cosy =12, Sy —4
sinx+11cosy=10. 10.{xsm Y=
xcosSy=—4.
x=13siny,

V13xsiny=siny +14. 1 (2cos?x+ V2 cosx) tgy =0,
x*=4siny+1, ' tgx- (y2-2y)=0.
x=2siny -1,
2cos®x —v2cosx=0, 12 (2sin’ y —siny) tgx =0,
3y-tgx=5. | 2x% - 7x) ctgy =0.



§ 5. Cucremsl, cosepxxallue nNokasaTejJbHble ypaBHEHUSA

OCHOBHEIE METOABI DellleHHs CHUCTEM, COAEP)KAIUX [OKa3aTesJbHble
ypaBHEHUs, HUYeM MIPUHIMITHANLHO HE OT/IMYAIOTCSA OT METOJOB PEIIEHUA
JAPYTHX CHCTEM: 3TO MeToj aareGpanyecKoro CIOXEHHWs, 3aMeHa Iepe-
MEeHHOM B NpeJiesiax OHOTO ypaBHEH!s WIH BCel CHCTEMBI, TOJCTaHOBKA.
EAMHCTBEHHAaA 0COGEHHOCTh — MONOXHUTENLHOCTE BhipaxeHus af ™, xo-
TOPYIO ITOJIE3HO YYMTHIBATh, BBOJASA COOTBETCTBYIOLIEE OTPAHHYEHUE NIPH
3aMeHe. [lepeiiseM K pellleHHIO IPUMEPOB.

IIpumep 1. Peurure cucTeMy ypaBHEHHH

2%-3Y =24,
{ xX—y=2.
Pemenne. CrcreMa paBHOCWIbHA Cleylouleit:
x=2+y, x=2+y, 6’ =6, y=1,
{22+>’-3>'=24 < {4-2y~3y=24 {x=2+y < {x=3
Omeem: (3;1).
IIpuMep 2. PemuTe cucTeMy ypaBHEHUMN
2 +2Y =12,
{x +y=>5.

Pemienne. CrcTeMa paBHOCHJIbHA CIEAYIOILEH:
y=5-x
{ 254257 =12,
Pemm BTOpOE ypaBHEHHE
2+32 =12 & 2%-12.2°432=0.

MycTtb 2¥ =a, a> 0. Torga

>

a=8.

2¥ =4, x=2,
[2" =8 < [x =3.
Eomx=2,Toy=5-2=3;eumx=3,T0 y=5—-3=2.
Omseem: (2;3); (3; 2).

2 a=
a—-12a+32=0 <

O6paTHas 3aMeHa
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Ipumep 3. PemnTe cricTeMy ypaBHEHU
3% -2V =77,
3¥ -2 =7
Pemenne. Ilycts 3*=aq, 2% =b,a>0,b>0.
Torga

a®-b* =77, - (a=b)(a+b) =77, - a+b =11, a=9,
a—b=7 a-b=7 = = =

O6parHas 3aMeHa:

Omeem: (2; 2).

IIpumep 4. Peurte cucTeMy ypaBHEHUM
x-2"—y-& =x-4"—y-2",
3*.97 =8l.

Peirenue. B I[IepBOM YpaBHEHHH II€pEHECEM BCE Cjlara€éMbI€ B JIEBYIO
4YacCTb YpaBHEHHS U PA3/IOXKUM HA MHOXXHTEJIH IMOJYYEHHOE BbIDAXKECHUE!

(x+y)-2-(x+y)-4 =0, (x+y)-(2*-4) =0,
3)(.32}/ =81 3X+2_}’ — 34

x+y:O) =_4’
x+2y =4, y =4,
=
2X=22_}" X = 3
{x+2_y=4 {J/: .
Omeem: (—4; 4); (2;1).

B 3axitoueHHe pacCMOTpUM peliteHHe 3agaHui 9 u 10 yacru II BBOZ-
HOM AHMAarHOCTHYECKOH paboThl.

=

IIpuMmep 5. Pemure cucteMy ypaBHEHHI

81V — 4.9 43

v1-2siny
Vx+3+cos2y+1=0.

0,
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Pemrenne. ITockonbky vx+3 20 u cos2y + 1> 0, BTopoe ypaBHeHHe
x+3=0,
CUCTEMBI BBLINOJHAETCA TOJBKO B CJIydae, eciu OTKyZa
cos2y+1=0,
s s
x==-3, y= i§ +2nn, n€Z. llpu y = 5 + 27tn, n € Z, TOAKOPEHHOE
BHIp@XEHHe B JIeBOH YaCTH IlepBOro ypaBHEHUA CTAHOBUTCA OTpPHULIaTeNb-
T
HBIM, U 3TO 3Ha4eHHe clleqlyeT OTOPOCUTh. 3HAaYeHUsd y = — 5 t2nn,nez,
VZIOBJIETBOPSIOT NIEPBOMY YDaBHEHUIO CUCTEMBI.
T
Omesem: (—3; -3 + 27tn), nez.
IIpumep 6. Pemnre cucTeMy ypaBHEHHH

t. _ T
3:38Y4+2=37"%Y,
Vx—2+6cosy =0.
Pemrenue. Bropoe ypaBHeHHe CUCTEMHEI MOXeT OBITH BBINIOJIHEHO,
TOJILKO eCJM cos y < 0. YMHOXHUM o6e YacTH NepBOro ypaBHEHUS CUCTEMBI

Ha 3% u mpusezeMm ero K kx Buay 3(3%Y)? +2-3%Y —1=0. Pemas
TNoJlyYeHHOe ypaBHEHHe KaK KBaJpaTHOe OTHOCHTENbHO 3'%Y, Haxoznm

3'%8Y = —1 (4To HeBO3MOXKHO) nubo 38Y = %, oTkyaa tgy = —1. C yue-

TOM YCJI0BHA cosy < 0, nomydyaeMm, 4To y = 3—475 + 27n, n € Z. IIpu sTom

V2 —
Cosy = —7, " BTOPO€ ypaBHEHHE CUCTEMBEI IIPUHUMAET BHJ vV X — 4 —

—3v/2=0, oTkyzna x = 20.
. .3
Omeem: (20, 4 +27m), nez.



CHCTEMBI, coaepixKalue rnmoxKasaTeJIbHbI€ YpaBHECHHUA

Pemure cucTeMy ypaBHEHHIA.

La) 3.8+ 77 =31,
) 2.81-77 =9,
5x+2-3Y =33,
7x—2-3Y=3
x-137~ 4_65
.7¥=3 =245,

3x+64" =79,
3x+8"=23.

x+5” =130,
x2+57 =150.

|
"
{
<
o
{
(s

3.a)
4. a)

5. a)

[=)]
£

+2) 2Y—17

+57 =34,
¥t 5y-1=39
52.8771=1,
5% +8Y+t1=89,

3X+4 2y+5 — 108
y+6. 3X+1 - 8

N
Y

. a)

o]
Y

.a)

9. a)

0.2 2% .5Y =40,
"3 x.v =56,

3=y,
9*=2y+3.

{ (x+7)(y-5)=0,

11. a)

7y S _ 5x+7.
y 65 =7,

13. a)
7y 63x 1_6

5.5 -6"=19,
2.:54+6”=16.

7x—2-2"=19,
9x+2-27 =61.

x-137" 9=—91

6)

=)

)

=)

)

2=
7x+16y—— 2,
Ix+4"=—
—3x+6”=33,
x2+6Y=37.
5%.2Y =200,
+2Y =33.

6)

6)

6)

6)

4723774 =1,
1 +373=67.

4X+4 3y+3 —_ 144
y+5 . 4X+2 =81.

)}

)

=)

)

2%.77 =112,
2%.97 =144,

=)}

)

A\

) 25"—4y+5

(x+9(y-8)=0,
9y 8_8X+9

=)

)

y-7*=2,

6)
Sy 7 2=49.

{
{
&
{
L
(<
(3,
{
b
{
s
{
I
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14. a

15.a

16.a

17.

18.

19. a

20.

21.

22,

23.a

24.

25.

7% +2Y =9,

7X+1 2y+4 =17.

32x+ y? 9x+2y

x—y+5

y4—0.

(x*~49)(y—5)=0,

2x+y -8 6405
5x+2 _1 =0.

x-37 =12,

V-3 =6

y?=4.5"4+2x+3,

2=3.5*+2x+8.

{
|
s
{
{ 3y?
-
{
{
{
{
(-
{

a)

a)

x2+6y?=42.
25.7%.11" =14 . 117,
x*-3y*=4.

a)

3%.57 =45,
5%.3Y=75.
2x+3 7y+1

a)

2 149,
75427 =15.

)x+y5

(=)

)x+y9

5=197,
x*—18x—-19=0.

(x—1)-3*=5y,
(x—1)-5*=3y.

a)

a)

4* -3V =-5,
) {4"“—3«““:—11.
62x+y _36x+2y

x+y-6

y4—0.

(x*—49)(y +4) =0,
605

2x+y+13

ox+7 _ =0.

!
fo
{ =5-2"-7x+1,
¥

14

|

{

6)

6)
222.2"—7x+7.

8% . 642" =1,
x2+4y?=20.

6)

8¥.7%.9* =56 9"
x2+6y%=7.
7%.2Y =28,
2*.77=98.
2X+2.5y+1 = 10¥+y

O\

)

(=)

)

9155 +27=9.

(x—3)- 7y+3_(y 2)- 7x+2

x—-3)-11"3=(y-6)-11%7,

) ¥=-147,
x?2-13x-14=0.

6 (x+17)-7* =4y,
(x+17)-4=7y.
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PewinTe cucTeMy ypaBHEHUH.

¥ =y, 2X—3Y =1,
9X_2y+3 2X+2_3y+l:7.
9 2X '7}':28) (4x_26)(4x_165) —0
1 2+7V=11. 8.{ (2y-9(@8x-5) J
57 =16-—2x.
N 11+ 8 =75,
3-11¥+8Y =97. 7%%3.3v72=21,
752 4 39+l =82,
xB¥=127,
4. 5% =
x2—11x—12=0. lo. y5'=2,
2y -5%*1=25.
2=4.542x+3,
y _3 5% +2x+8. 2X _4Y¥ =0.
(x+16)-7* =9y, 12 @2x-1)(y*+y—6)=0,
(x+16)-9*=7y. "l 2X—4r=0.



§ 6. Cucremel, coaepxaiue JorapupmMudeckue
ypaBHeHUs

Ipy pemeHUH CHUCTEM, cofepalux jorapudmMudeckre ypaBHEHHS,
4yacTo yAaercs, U36aBUBIIMCE OT JorapudMa, 3aMeHUTh OAHO WiH oba
YPaBHEHHUA CHUCTEMBI PAlMOHAIbHEIMU YpaBHeHUsAMH. [lociie 3TOro HyX-
HO BBIpa3sUTb OAHY NEpPEMEHHYIO Yyepe3 JPYTYI0O U IOcjie TMOACTAHOBKHU
TIOJIyYMTh YpaBHeHHe C OJHOH nepeMeHHOH. Kpome Toro, Z0BOJMBHO pac-
NPOCTPaHEeHH 33/la4H Ha 3aMeHy llepeMeHHO! B npejenax OAHOrO WU
060UX ypaBHEHHH CUCTEMBI H CUCTEMBI, TPEOYIOIIKE 0TGOpa pelleHuH.

IIpumep 1. PemuTte cucTeMy ypaBHEHUH

lgx—lgy =1,
lgZx+1g”y = 5.
lgx=a,
Pemenue. IlycTs Toraa
lgy=b>b.
a=2,
a—-b=1, b=1,
o
a?+b2 =5 a=-1,
b=-2
O6bpaTHas 3amMeHa
]gx =2, x =100,
lgy=1, ¥y =10,

=4
lgx = -1, x=0,1,
lgy =-2 y =0,01.
Omeem: (100; 10); (0,1; 0,01).
IIpumep 2. Pemure cucteMy ypaBHeHHH

y—logzx =1,
x) =32,
Pemenue. CrcreMa paBHOCHIbHA CEyIOLIEH:

y =1+log;x,
x1+log3x — 312.



144 § 6. CucreMmsl, coaepxauiue JorapudMUYecKye ypaBHEHHs

PemuM BTOpOE ypaBHeHHe:
x!H8sx = 312 o Jog, (x!*18X) = log, 3! & (1+log, x)log; x = 12.

t=—4,

IMycts logy x=t. Toraa t> +t—12=0 < =3

Orciona [
log; x=3 x=27.

[Tockonbky y =1+ log, x, nonyyaem y; = -3, y,=4.
Omeem: (%, —3); (27; 4).
IIpumep 3. PemuTe crcreMy ypaBHeHUH

log,(x*+y%) =5,
2log, x +log, y = 4.

=_ L
log; x=—4, - |:x—81,

x>0
PewreHue. 13 BTOpPOro ypaBHEHHUS CUCTEMEI CIEAYeET, UTO { S 0’
y>0.

M3 nepBoro ypaBHeHUs CUCTEMBI ITOJy4aeM
log,(x?+y?) =5 & x?+y? =32
W3 BTOpOro ypaBHeHus
2log,x+log,y =4 < log,x+log,y =4 = log,xy =4 = xy = 16.
x?+y?=32, x*+y*—2xy =0, (x—y)*=0,
Toraa =
{xy=16 {x2+y2+2xy=64 {(x+y)2=64.
I'Ioc1<011b}cyx>0,y>O,To{x=y’ = {x=4,
x+y=8 y=4
Omeem: (4; 4).

B 3axiioueHMe pacCMOTPHUM pellleHHe ABYyX MOCAeAHUX 3aJaHuii 4ya-
ctu Il BBOgHO AarHocTuyeckoil paboThl.

IIpumep 4. PemuTe cucTeMy ypaBHEHHUN
8logy(xy) = log, x%,
Sx+2y+22=0.

Perienne. VI3 nepBoro ypaBHeHHUA CUCTEMBI CJleflyeT, 4To xy >0, T. €.
YMC/la X U y OAHOTO 3Haka. Eciu oHu 00a MONOXKUTENBHEI, TO JIeBasA 4acTh
BTODPOTO ypaBHEeHHs1 6osibllle HYJISI ¥ CHCTEMa He UMeeT pellleHUH. 3HaYuT,
x <0 u y <0. PaccMOTpHUM nepBOe ypaBHEHHE CUCTEMBI:

8logy(xy) = 8logy |x| < logy(xy) =logy x| & xy = |x|.
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IMockonbky x <0, momyyaeM xy = —X, H, CJIeOBaTENbHO, y = —1. Toraa
U3 BTOPOro ypaBHEHHA HaxoquM 5x —2+22=0, oTkyaa x = —4.

Omseem: (—4; —1).

IIpumep 5. Peumure cucreMy ypaBHEHHI

2log;(sinx) +3log,(sinx) +1
log,(— cosx) =

Vy-7= V2cosx+1.

PemteHue. /3 nepBoro ypaBHEHHS CHCTEMBI CJAEJYET, 4TO COSX < 0
¥ cos x # —1. Yucmurens Apo6H B I€BO# YaCTH NIEPBOro ypaBHEHHsA PaBeH
HYJII0, eC/IU 2log§ (sinx) + 3log,(sinx) + 1 = 0. PaccmoTpeB nomyueH-
HOe ypaBHEHHe KaK KBaZpaTHOe OTHOCHTeJbHO log,(sinx), Haxoaum,
yro log,(sinx) = —1 6o log,(sinx) = —0,5. MoaroMmy sinx = 0,5 160

>

. 1 .
sinx = Wk C ydyeToM yciioBuA cosx < 0 nosy4yaem, 4To €cid sinx =0,5,

3
TO €Osx = ——- (M TOrAa NpaBas 4acTh BTOPOrO YpaBHEHUA CHCTEMBI OT-
pHvuaTe/nbHa, YTO NPOTHBOPEYUT HEOTPHUHATEIBHOCTH apHdMETHYECKOTO

. 1
KBaJIpaTHOTO KOPHA), a eIy sinx = %, TO COSX == —=. B mocnenHeM

3n
cyyae x = vy +27n, n € Z, ¥ TOrZa U3 BTOPOrO YpaBHEHUA CHCTEMBI

HaxoAuM /y —7=-1+1, otkyza y =7.
Omegem: (3—473 +27n; 7), nez.

10 Vnaaueuma u curTemMel VDARHEHWUA
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Pemnte cucTeMy ypaBHEHUit

1.2) 4x —log, y =—12,
4x+log2y=—4

logy+2(x+ 3)=

x? =3y=7.
logsx+log; y+y=2,
logs x +log, y —2y=-7.
log; xy =2,
x+y+50 0.

|
{
{
{ log? x — log, y =3,
{
-
{
{

3. a)
4. a)

5. a)
log; x—log,y=1.

6. ) 7logsx —3y =4,
2logs x — 5y =-3.
log;(—5xy) —logsx=1,
x’y=-26

ylogxs——

y+log, 5=7,5.

7. a)

8. a)

4log, xy = log7x
2x+3y=-

2log; x=y —4,
10. a) B3 X=J
3log, 3=y—3.

9. a)

7x +log, y =—26,
7x —log, y =-30.
logy L(x+4)=

log8x+log4y +3y=11,
loggx+log, y+y=3.

log, (xy) 4,

()

)

6)

log5x+log2y—— ,
3logs x+log, y=1.

o\
{
{
{
{4log6x+3y_
(-
{
{
{

6)

=)

) Sloggx —9y=4.

6 log;(— 81xy)—log3x 4,

0 y+logx3 65

4log,(xy) =log, x*,
S5x+2y=12.

310g2x y+1,

)!

)

6)

{ (logs x —2)(log1 y —1) =0,
1. a)
logi (x —2) +logy(y - 1) =
; (log, x—2)(logy y —3) =0,
) { log% (x+5)+log,(y ~3)=
logy x +1log, y =logy 4+ log9 8,
{ logy(x+y) =logy 12.
log, x +1ogg y =logg 2 +logg 3,
{ logg(x+y) =log, 5.

12. a)

1Y

6)
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13.a

14.

15.

16.

17. a

18.

19.

20.

21.

22

a)

)

)

a)

6)

a)

a)

a)

a)

a)

6)

. a)

{
;
|
|
|
|
fle=
j=
{
|
|
|
|
{

x*+2log, y =6,
3x+2log, y=8.
log;(3xy) —log, (—3x)=2,
x*—y—10=0.

log; (5xy) —log; (—5x) =2,
x?+5y+41=0.

(x=2)(y-3)=0,

o

x*+3log, y =22,
5x+3log, y =26.

log,(x+y —3) +log;(1 —xy + y) =log, x,

(x=7(y—-4=0,

log,(x+y —4) +logs(—3 — xy +6y) =log, x.

Slogg x —log, y =4,
7logy x —2log, y =5.

o

S5log, x —2logs; y =3,
2log, x —3logs y =—1.

(2x—3y)logs(3x+2y —7)=0,

4x -y
3x+2y-8 8=

(5x—7y)logg(6x—y —3) =0,

25x =2y
6x—y—4 3=
logx5+logy7—-—
logs x +log, y =3.
log,(y —3)=1,

log, (x-9)=1.
(y —4) logy x=9,
(y—4)log, 3=1.
logy,_3,(4x—y) =1,

.
.
|

o\

log, 2+1og, 3=—%,
log, x+log; y =3.
log, (y +3) =1,
log, (8 —x)=1.

(y +3) log, x=36,
(y+3)log,2=1.

logs;(2x —3y) -log,(3x +2y) =0.

log4x+7y Ox+2y)=1,

logs (4x +7y) -logy(6x — 5y) =0.

(x=S)(y—4(x-9)=0,
log,_45-logs(y —3)=2.

o

(x+6)(y —6)(x—8) =0,

log, 7 15-log,(y —5) =2.
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x?—xy+12=0, x?—xy+24=0,
23. a) (y_s)(y_7)_0 6) (_y—3)(y—10)_0
log, ,(y-5) log, 3(y—-2) ~
log;(x—7) -log,(y —3)=0,
24. a) 2x+y 4
x-8Gy-2
log,(x—1)-log;(y —14) =0,
0) 3x+2y .
(x-2)(y-12) ™
logs(2x +3y)® =6, log,(4x ~7y)* =4,
25.2) y 2x-3y+15 _ 6) | ax+7y-28 _,
2x+3y—5 < 4x-7y—-4
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PellIUTe CUCTEMY YPaBHEHHH.

7x+log, y =37, logg x+1ogg y =logg 5+logy 7,
7x —log; y =33. logg (x+y)=logg 12.

2y —9)log,_,(x—=5)=0,
log, 7(x+5)— { 4 08y-3

(x+1)(log,_,(y —4)—1)=0.

x(x—1)(x—-2)(x—-3)=0,

x3—4x?+3x=0,

x“=4x+3=0, 10.
{ log, 3x =2.

(x=7)(y-8)=0,
11. { log,(x+y—8)+

log, 2x=2. +logg(1—xy+6y)=log, x.

(5-3y) log3x 2,

1
{s
3 {;k;gjy 2= * yion(x-3) =2
g
o
{s

12.{

3logs x—2log, y =1,
2log; x—3log, y=—1.



JdunarHoctudeckad pabora 1

Yacts 1. YpaBHeHUA

Pemure ypaBHeHue (1—3).
1. (2x2—x-30)2=x*.

2. |x—2|+|x*—4x+3|=|x*>—-3x+1]|.

3.14+9(x+ 1) 2=6(x+1)"1.

4. Haiiaure xopHu ypaBHeHus f(g(x))+ g(f(x)) =0, ecmu f(x) =
_Xx—4 _ -1
=2, g0=-00"

Pemute ypaBHeHue (5—6).

5.vV2x+19-+/15-2x=2.

5x2421x-8-3x—1

voix+1—x-1
7. [laHO ypaBHeHUe 3c032x+53in(37ﬂ -—x) —1=0.

a) Pewnte ypaBHeHUe;
6) yKaKHTe KOpHY YpaBHeHU, IpUHaIeXxatiue otpesky [—5m;—3,57].

Pemute ypaBHeHue (8—12).

1

8.sin5x=——"—.
sinSx — cos Sx

9. 21 4 /4522 (0,5)1% + —2=+26.

Vo
10. 4" % 4 28 =8(0,5)""" * 2,
11. logg , [4x+9|=—1.
12. 9log2(3x — 4) — 8log, (3x —4) + 15=0.

YacTs II. CucTeMsl ypaBHEeHHH
Pemnre cucTeMy ypaBHEHUH.

{2x+3y=7, (x+5)(x—6)=0
l2xt+y=09. y=5 ,
y 3. Y-50+6) _,
x—6 -

x Y
x =2 +3)=0, 4l mF27 52
(x?—4)(y +4) =3x. 3y%+5x+2=0.
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2v/x=3y,
¥y +2v/x=4.

(Wx-5)(/¥y-3)=0,
3x+5y=60.

{(Zx 77)(y +3m) =0,

5.

6.

7.
sin3x+ 4/cos7y

x=13 smy,
8.

13x siny=siny +14.

9.

11

1

2.

o,
e
{

2x+y? _ qx+2
3T =Xy,

+5
~%=0.

37 =12,
Vx-3V =6.
—4)logs x=09,
(y—4)log, 3=1.
logyy_3, (4x—y)=1,
log;(2x—3y)-log,(3x+2y)=0.



Jlnarsocrudeckas pabora 2

Yacts 1. YpaBHeHHA

Pewnre ypaBHeHue (1—6).
1. 9x*= (x> — 4x)2.

2. 4|x+2|+|x—3|=4x+13.
x”—4x°—3x*>—2x+8

3. x7—4x5—2x2—3x+2=1'
x—4)? x?—16 x+4
4. (33) +10. 580 (222 1) =0.

5. \/3x—5+x/x—2=1/2x+3.

6x2+7x+5 _ .\/5x2+7x+6
S5x2+7x+6 6x2+7x+5"

6.2+3-

. (3xm .
7. Peiure ypaBHeHHe sm(T — 2x } =sinXx ¥ yKaxxuTe Te U3 ero Kop-

Hell, KOTopble IPUHAZJIeXaT OTPe3Ky [%ﬂ, %73]

Pemure ypaBHeHue (8—12).
8. cos? 2x + cos? 3x + cos? 10x + cos? 11x = 2.

9.16* +2%345.2%"2=38,

10. (V7+4V3)" + (V7-4V3) =14

11. logz x +1og; (5x —12) =2.

12. log, logslog,, 11 ((2x +11)% +x2 +x — 20) =0.

YacTs II. CcTeMBI ypaBHEHHH
PemyTe cucTeMy ypaBHEHHH.

L x? 4 y?=36, x-1_x-2
xy =6. 4. y=17"y-2
y?=3-2x.
) {|2y2+3x2+4l=2y2+3X2+X,
"} xy=8. 2x=3y,
S. \/——
x .y 6xy =x+9.
3. { Sx—4y Sy-—4x x%+ /xy —2x—-12=0,
xy =—16. 6. 1/—_1
Y=



Juarnocruueckasi pa6ora 2 153

(16x —137)(8y —157) =0, { (x=3)-773=(y-2)- 7%,
7{\/@+ tg2y =1. Cx+y=s.
{x2—5x+6=0, X2 —xy +12=0,
2siny=x. 1.4 0-00-7_,
log, ,(y-5)

2c+y? _ gx+2
3T =gXTy,

9. x-y+5_ o 12 (x=5)(y —H(x—-9)=0,
y—4 ) " | log,_,5-logs(y —3)=2.
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YacTts 1. YpaBHeHHA
Pemute ypaBHeHue (1—6).
1. (x*+2x —4)*+5x% 4+ 10x=16.
2. 2|x+ 7| —|x|+|x—7]=21.

2 _ oy 72
3. x*=2x=27 Z—ox
X+2 1 2

4. x2—5x+6+x2—7x+12=x2—6x+8'

5. v/ 3x%2—-8x—-5=+6x-5.

6. v/ x2+8x+15+/x2—x —20=1/2x2+ 7x — 5.
7. JlaHo ypaBHeHue 3 cos2x —7cosx —2=0.

a) Pemnte ypaBHeHUe;
6) yKax1uTe KODHH ypaBHEHHs, IPHUHaJ/IexKalllle OTpe3Ky [—7; 27].

Pemute ypaBHeHue (8—12).

8. sin4x 4+ sin 7x =cos4x + cos 7x.
9,12572-5.123*=7.

10. (x - 5)> "33 =1,

11. 2log, x —log, x —log;¢ x =5.

12. 1g(x(x—1)) — (lgx) -lg(x—1)=1.

YacTs II. CucTeMbl ypaBHEHU

Pemnte cucTeMy ypaBHEHUH.

X _gX
1 lx —2y|=5, 4.{ ¥y Ty
"l y(x—2y-5)=20. x—5y=15
(x=3y)(x—y)=0, 5 x+7/xy=8,
"1y +3y+1=x. y+7J/xy=8
(x—-6)(y+7)=0, x y—3:_107
y+4 . 6. X

x—y—lO__B' y2=49.
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(x—4)(_)'+5)=0, {(X+16).7x=9y’
7. . B
3cosnx+sin%=2, (x+16)-9=7y.
logs (x —7) - log; (y —3) =0,
x*=4siny+1, 11. 2ty __,
8. x=2siny - 1. (x-8)(y-2)

logs(2x+3y)® =6,

x13=12}’, 12. 2x_3y+15__2
"I x2-11x-12=0. 2x+3y-5 .
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Yacts 1. YpaBHeHUs
Pemmnre ypaBHeHue (1—6).
1. (x> +4x+3)%+ (x2—x—-2)2=17(x+1)2.

2. |x2—4x+1|+|x2—3x+1|=17(x—4).
2x -1

3. x+2 =1- 3x
x2
4.m xz +4 0.
5 (x? —9x+18)\/x2—7x+l
’ 3x2+x—14
6. ¥x- Yx—-9=3.

7. Pemute ypaBHeHMe 2 sin 2x + sin X =4 cos x + 1 K yKaXuTe Te U3 ero
o n, 3n
KOpHeH, KOTOophle [IPUHAJIEKAT OTPE3Ky [2 5 :I

Pemure ypaBHeHHEe (8—12).

cos3x —sin7x _
*sin3x—cos7x V3.

9.16V**t2—5.4V**t2 1 4=0,
10. (x+3)3x +11x+6=1-

11. log,(2x +3) +log,(3x — 2) =log,(12x — 7).

2In2—-In5+1n(3x+2)

12. Inx+In(x+3)

=1.

Yacrs II. CicTeMbl ypaBHeHUH
Permure cucTeMy ypaBHEHMIA.

2 _ — X
1.{3)( 2)(—_}’, ?:5,
3x—-2=y. 4. 4y
0 {Ix—2y|=5, =3y +5.
) x—2y—5)=20.
3;( . y=3) 5 x+y+J/xy=-
Tty =2 x—y - /%=
3. s 3
S4+=-=2.

x Yy
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X Y _
2 fFraT=s
5Vx—/y=27.
sin2x —sinx __

=0,
\/y+1

y=4cosx—3.

3cos2x+5cosx=-2,

y*sinx+ysinx+ @

o

{ 0,25 +0,5* - 6=0,
"3 +5x=-2.
49'8% 4 7%x*+1 — 98 =0,

v —2cosx+2y=7‘s’7§.

xlog, ,(x+3)=0,
11.
4 (-%)=3%.

2
=32,
12. {xy

2log,z2 y —4log, x —3=0.



AuarHocrudeckas padora 5

Yacrs 1. YpaBHeHUs
Pemiure ypapHeHus (1—6).
1 (x?+4x—5)2 4+ (x* +3x — 42 =(x? +2x = 3)2 + (x* + x — 2)2.
2. [x=3|+|x*—2x—8|=|x2—x—11]|.
x“—6x3+9x2—36=0
2x—3+ 33 '

x*—x+5 3x _
T x2—3x+5  x*-2x+5"

V5x2—24x+12  2x2+x+4
5 =
x—8 x—8
6. V4x2+9x+6+1/10x2+11x+7=/3x2+5x+ 3+ /9x2 + 7x +4.

7. laHo ypaBHeHMe 4sin® x — 12sinx +5=0.
a) Peumute ypaBHeHUe;
6) yKaX1Te KOpPHH ypaBHEeHWs, IPUHAAIeXalne oTpesKy [—m; 27].

Pemure ypaBHeHua (8—12).

3.

1.

4sin2x—Ssinxcosx—9coszx=
" 4cos? x — 5sinx cosx — 9sin® x
9. (0,4)¥71.(2,5)**2=0,16.
#-3.4% 1
10. o3 ==7
11. log, (x* 4 5x — 53) = 2log,e(4x +3).

12. 2log, % +log, (x+1,2)2=2.

YacTs II. CucteMbl ypaBHeHHH
Peirire cucTeMy ypaBHEHHIA.

2x+3y=7, 12,25_o
112 3.4 7
x Yy
{|X+3}'|=2y+3, . {(x—6l(y—7)=o,
: B e
12y +3|=5. L=
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—4./xy+5y =8,
9x ~5,/xy+6y=10.

2y —3sinx=1,
sinx+3y=0.

Jcosy-y —8—6x—x%=0,
V—=sinx-y/ y?—y—2=0.

1

1

1.

2.

g
ot
{
{

3*—2cosy =0,

4sin?y +4siny —3=0.

6y +2cosx=1,

1377 169
19V 19vF

x—y=14,

log, x +log, y =5.

xy =81,
log, y +log, x=

3"
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Yacmy 1. YpaeHenun
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L3553 5 2 -3 [3+%). 3.1.4.4 505 6122 7755
+2 4 onk, n, keZ. 8.1 9.0;3. 10. (-1 247, nez. 11 -4 4.

1
12. —; 8
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Yacms II. Cucmembt ypasHenuil
1. 3;2); (2;3); (5;1); (1;5). 2. (-0,5;-0,5;0,5). 3. (3;2); (-3;-2).
4. (1;1); (1;0,5). 5. (4;25); (25:4). 6. (5;4); (—=9;25). 7. (g +2nn;2),
Sn i ki
nez: (—?+2nk,2), kezZ. 8. (—g+2nn;—6), nez. 9. (—3,—5+

+27n),n€Z. 10. (20;3§+2nn),nez. 11. (—4; —1). 12.(3T”+27m;7),
nez.

Lensie anre6pandyecKne ypaBHeHHs
a)—— 6) —2. 2.a)0;6)0. 3.a)6;6)14. 4.a)9;6) —18. 5.a)09; 6)10
6. a) 17; 22; 6) —21; —16. 7.a) —4;4;6) —3;3. 8.a)3;6) —-1. 9.a) §’

6)—2;-1. 10.a) —2;0;2;6) —5;0;5. 11.a)2; Si\/_ :6) —5;-2;-1. 12.a)2;

3;6) —8;2. 13.a) —14;-8;-2;6) —4;1;6. 14. a) -1;6) —1. 15.a)0;1,5;
3;6) —9; —1,8; 0. 16. a) —2; —1;1; 2; 6) HeT pelennii. 17. a) 1; 4; 6) —3; 5.

18. 2) (—oo;g];é) (—oo;—%]. 19.2)1;6)1 20.a)-2;2:6)-1;1 21.a)1;

2;3;60) —2;4;6. 22.a)2;6)2. 23.a)1;2;3;6)1;2;3. 24.a)1;6)1. 25.a)2;
6) 3.
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1.2. 2.1. 3.4. 4.0;2. 5.1;2,5;3,5:5. 6.—-0,5;1,5. 7.-1,6;2. 8.—4;
4. 9.-3;-1;2; 4. 10.[-7; —4]U[1;4]. 11. {—3}U[3; +). 12. (—o; =5]U
11-+/233 11+v233,
u[ : ,4]u[ y ,+oo).
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Jpo6GHO-paHOHANIbHbIE YPaBHEHUA

1. a) :l:%; 6) ig. 2.2) —1: 6) =6. 3.a) —8;-6;5,6) 2 4 7. 4 a) —;1;

6 5’
6)—%;%. 5.a) —2; 6) —5; 6. 6.a) —4:6) 0,5. 7.a)2;4;6) —5;8. 8.a)1;

6)1 9.a) —6;6)8. 10.a)1;4;6) —5;1 11.a) —4; 6) —-1. 12. a) 3;
6) -9. 13.a)1;6) —8. 14.a) —-8;6) 5. 15.a) —4;6) 1. 16.a) —5;6) —3.

17. a) 1, 6) —1. 18.a) —2; 6) 7. 19. a) 1,5; 6) —‘5‘. 20. a) 11; 6) —13.

21. a) (——oo;%); 6) (—w;—g). 22. a) [2;5) U (5; +); 6) [-1;3) U (3; +).

23.a) —4:6;8;,6) —9; 4; 6. 24. a) (—o; —12) U (12; +»); 6) (—; —-16) U
U(11;+x). 25.a)1;2;3;4;6)2;3; 4.

TpennpoBouHas pa6ora 3

1.3. 2.0. 3.—-4;-1-2vV2;-1+2v2;2. 4.-3;3. 5.—4;,-3;2;3. 6.1,2;
2,4. 7.—-1. 80. 9.0. 10.-2;2. 11.-3. 12.-2;1.

VppanuoHaibHble ypaBHEHHs
1L2)1L6)2 2.2)-3;6)-5 3.a)-1%6) 3 4.2)-436-87 5l
61 6216613 7ZaL6)1l 8233624 92567 10.2)15
6)35 112526 -52 1223156 L3 13.2)-265 1426

6) 2. 15. a) HeT pelueHui; 6) % 16.a) 7;6) 8. 17.a)6;6) 8. 18.a)5;6;

6) —3;8. 19.a) —5;4;6) —5;7. 20.a) —8;6) —8. 21.a)4;6)4. 22.a)2;
6)6. 23.a)1;6)5. 24.a)8;9;6) —6;2. 25.a)2,5;06)4,5.

TpenupoBo4YHas pa6ora 4

11

1. Pemiennit Het. 2. 0; 13. 3.——%. 4, PelieHuit HeT. 5. -3 5;2 3. 6.-5;
7 1

-3 7.-2;-1;3. 8.1. 9.-1; -3 10.3. 11.16. 12.-3; 5
TpuroHoMmeTpH4ecKkue ypaBHeHHUs

1. a) (— 1)"“— + 7tn; 6) (— 1)" + tn. 2. a) i%+2nn; 6) :|:377r + 27n.

3.a) §+7tn; 6) ——+ﬂn 4. a) (—1)" arcsing + 7tn; 6) (—1)"+1 arcsinﬁ+7m

5. a) (—1)"+1“ 56 S+ 5. 6.a) £ =+ %5 6) :i: =+

7.2) S +mn;6)  +7n. 8.a) £ +21n;6) (- "2 +7rn 9.a)( 1)"“"

+ 7n; 6) :I:§+2ﬂ:n. 10. a) :I:—+21m 6) iE+27tn. 11.2) (-1)"Z +7n;

3

6) :i:2—37£+2rm. 12. a) (- 1)" + nn; 6) ig + 2mn. 13. a) ﬂ:?+27m,

19 Vnnniiminen i ALAATALILE VN SDLBWIAA
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1
6) :l:z?fI + 2ntn. 14. a) =nn; :tarccos% + 27n; 6) mn; zarccos = + 2mn.

9
_qynl 1 mn, _1ynl 1w sm, m
15. a) (-1) 2arcsm8+ 2,6) (-1 2arcsm7+ 5 16. a > 6) g

17. a) —147—[; 6) 9771 18. a) arccos % + 27n; 6) arccos ; +2nn. 19.a) arcsin % +

+ 27n; 6) —arcsin% + 27n. 20. a) —arctg3 + 27n; 6) m — arctg4 + 2nn.

. 2
21. a) §+21m; 6) %T +27mn. 22. a) HeT peuieHuii; 6) 3. 23. a) -3 0) —g.
24, a) t+2nn; (—1)" arcsin z+7rn; 6) m+2nn; (—1)" arcsin 2+7m. 25. a) g+

3 7

nn 19 27n 1 2
+ 536 -5+ 5 26.2) 75 6) —=. 27. a) 1,4; 6) —9 — 44/5.

V5
9v8+VI9 _, 6/5-1

28. a) 30 ; 6) 55 29. a) 1; 6) g 30. a) —0,5; 0,9; 6) —2; 3,6.

31.a)0;0,5;1;6)0. 32.a)0;2;6)—2;0,5;2. 33.a)g+2nn;6)1. 34.23)0,5;

: : _3. L.gxLl
6) 2. 351.3a) 0,5;6)1. 36.a)0,5;6)0. 37.a) —3;6)1. 38.a) 7 6) £ 7

12’ 6) 3,5. 40.a) (—2;0);6) (1;0). 41l.a)1;6) 1; % 42.a)2;6) 1

43. ) ‘/73;6)1. 44. a) —0,5;0;0,5; 6) £v/2;0. 45.a) é;G)O;O,S. 46.a) 0;1;

6) V2. 47.a) —1;0;1;6) 0;2. 48.a) (2;-0,5); 6) (2; —0,5). 49. a) (3; —4);
6) (6;5). 50.a) (1;-1);6) (1; -1).

39. a) —

TpeHupoBouHas pa6oTa 5.1
1;—6n+nk,x=§;—6n+nk,kel. 2.x=§+4n,n€Z;x=§+%k,k€Z.
3. PellieHHH HeT. 4.x=§+nk,k€Z. 5.x=—%+2nn;x=%+2nn,nez.
o
<
keZ. 9.x=g+%k,k€Z. 10.x=g+2nn,neZ. 11.7?“. 12.iarccosg+

l.x=-—

6. x=§+nk, keZ; x=(-1)" arcsin%-th,nEZ. 7.x= 8. x=—2?n+27rk,

+2nn,n€zZ; g +27nk, keZ.
TpeHupoBouHas pa6ora 5.2

1. 2. ——. 3

1 _1
9° 7 ) 2’
@. 11. !

9 1 1 . 1
16. 4. E 5. § 6. sinl. 7. E’l‘ 8. —1. 9.

Bl

10. 12. -.

2

n[G

INoxa3aTenbHbIe ypaBHEHHUSA

1.a)1;6) 1. 2.a) —24;6) —21. 3.a)17;6)26. 4.a)2;6)2. 5.a) —14;
6) 2,5. 6.a)1;6)1 7 a) —-1;6) —-1. 8.a)1 6)1 9.a) —2; 6) —2.

10. 2) =1: 0: 6) =3: 0. 11.a) —1; 6) —1. 12.a) —2; 6) —4. 13. a) %; %;
6) —2:2 14.2) -1:6)1 15.2)4:6)3. 16.a) 0;6) 0. 17. a) —1,5;

4’5’
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—1;6)3. 18.a) —2;6) 2. 19.a) 3;6) 27. 20.a) 8;6) 16. 21. a) 3; 6) 6.
22.a) —9;6) —2. 23.a) —-2;6)2. 24.a) —1;6) —7. 25.a) —2;6) —6.

TpenupoBouxas pabora 6

1.-19. 2.1. 3.-2. 4. -1. 5.2. 6.14. 7.-2. 8.6. 9.1. 10. =k,

2
kez. 11.+1;+v2. 12.0;0,25.

Jlorapudmudeckue ypaBHeHHA
1.2)156) 3. 2.2)-19;19;6) ~16;16. 3.2) 35;17;6) 5

6) —9;9. 5.a)—4;6)7. 6.a)23;6)13. 7.a)4;6) —2. 8.a)7;49;6) —

16 8'
9, a) 1 §§ ; 6) 6, 574 10. a) 9;6) 4. 11.a) —6; 6) 9. 12. a) HeT pellUeHHI;

6) —8; -5 13. a) —6;-2;6)9. 14.a)8;6)0. 15.a) —11;6)11. 16.a)6;6)9.
17.a) —-6;6) 6. 18.a) —2;0; 6) —4; 0. 19.a) 1; 1,5; 6) 2; 2,5. 20. a) —3;
6) —=5. 21.a) —3;-1;6) —2; -1. 22.a)0; 6) 8. 23.a) —26; 24; 6) —14; 18.
24, a) -3;6) —5. 25.a) —6;6) —2.

;25. 4.a) 3'3;

TpeHnpoBo4Has paGora 7
1. —4. 2. Pewenwuii HeT. 3.7. 4.+15. 5.1; ?;5—9 6.16. 7.4. 8.-26;24.
9.2; g 10. -5. 11.3. 12.1.

CucTeMBl eIbIX aire6panyecknx ypaBHeHHH
1.a) (6;6);6) (21;21). 2.a)(16;0);6) (54;0). 3.a) (—-1;1);(1;1);6) (-1;1);
LY. 4.2 ©05(57)6 0 (-55-3) 5 & L-1; (-1,-3,9);

0 3-2; (-33) 62 (-55) @6 (F-%) L-D.

7.2) (0,0 6) ;0. 8.2 (12); (-13);0 (-2;2); (00); ;.

9. a) (30 @ & (-3;0); WD, 10 @) (-L;-1%; 6) (5;5).

11. a) (=3;2); (3;2); 6) (-1;4); (1;4). 12.a) (-1;-3); (4;-3); 6) (-1;7);
(9;7). 13. a) (21;-3,5); 6) (3; —-1). 14. a) (1;1); (2;2); 6) (2;2); (3;3).
15. a) (-1;-1); (1; 1); (=0,5; -2); (0,5;2); 6) (—1;-1); (1;1); (—7;—;);

.1 . EY (6 BN B (R _RY- (R _1.2Y. (1. _2).
(7:2). 16.8) (-65-6); (60 (-8 =8 5 17.0) (-1:2); (1,-2);
o (-u3) (B-3) 18 & 3-25 2-3% @3 G2
6) (=2;1); (—1;2); (1;2); (2;-1). 19. a) (6;4); (4;6); 6) (6; —4); (—4;6).
20. a) (—8; —4); (2;1); 6) (=5;—1); (20;4). 21.a) (—8;1);(2;1); 6) (—-4;1);
(2;1). 22. a) (2;-1); (2;1); 6) (3;—1); (3;1). 23. a) (4;2); 6) (—2;4).
24. 3) (—9; —2); 6) (16;5). 25. a) (6; 0,5); 6) (3; —i;).
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TpeHupoBouHas paboTa 8
1. (2;-1. 2. (-1;13). 3. (0;0); (-4,2). 4. (-2;3); (3;-2).

5. 1+v3;1-v3); (1-V31++3). 6. (2;1); (-2;-1); (§‘3/_§;'43£);

(_%__’%). 7. (1;2); (2;1). 3;(1;_‘/]); (-—1;1).‘/_9. (1i/:3); (=3;1);
1-v5 1++5 1+v5 1-45 . .

@2 @n.ot0o @y (5500 (R ca,

3.5).(1.7 o1y (11,28
n (32 (5D oon (158)

CucTeMbl, coaepikallie JpoGHO-palMOHAIbHbIE YPaBHEHHUA

81._3Y. ¢ (6. _1 . 41:6) G3: . 5):6) (2
La) (33-5)0 (-53-3) 20 446 33). 3.2)(65);6) 2-3).

4. a) (2;—%’); 6) (—1;%). 5.a) (2:1): 6) (=2:1). 6. a) (9;8); 6) (8; —8).
7.0 (-3-3); 5% 6 (-5-3); (-3;-3). 8 ) (3,-35 6) (-L; .
9.2) (4 4); (45 -4);6) (=3;3%; (3; -3). 10.2) (- 35 1¢ ); (1, 1;6) (- 5 5 )
(11;1). 11.a) (2;-1); 6) (—2;-0,8); (4;0,8). 12.a) (=3;-3);6) (- 1 -1).
13. a) (8;—7); 6) (—=0,75;—-7). 14. a) (—2;4); (2; —4); 6) (-5; —15); (5;15).
15. a) (0;—=3); (16;0,2); 6) (0;5); (26;—-0,2). 16. a) (—-12;2); 6) (5;1).
17.2) (7;: =2):6) (9: 10). 18.a) (45;3); 6) (24; —2). 19.a) (—4:1);6) (4; —4).
20. a) (-1;-1); 6) (—3;4). 21. a) (-3;-8); (—2;-3); (3; —-8); 6) (=5;7);

(5;7); (6;—4). 22.a) (2;-6); (2;1); 6) (1;-5); (1;1). 23. a) (_%;%);

(3-3): 9 (3 ;) (3:2) 24 @ (12 245 6) (=23) 15-15).

25. a) (—6;2); 6) (—6; —3).

TpeHupoBouHas paboTra 9
1. (5;6). 2. (1;1). 3. 47). 4. (14;7). 5. (-19;-10). 6. (=2;1).

7. (2%) 8. (4:6): (—4;6); (=5:—3). 9. (3:1); (3:6). 10. (-2;—4);
(-2;-2); (2;4). 11.(-7;-35). 12.(—6;—11).

CucTeMbl, cogepialye UPPalUOHATbHbIE YPaBHEHUA
1. a) (2,25;1): 6) (25, ) 2. a) (9;4); 6) (=6:4). 3.a) (5;9); 6) (4;1,5).

4. a) ( 4; 16) 6) (—2;25). 5. a) (=7;3); (14;-6); 6) (—5;—2); (15;6).
6. a) (25;5); (49; —2);6) (16; —3); (36;4). 7.a) (—9; —4); (9; 4); 6) (—9; —25);
(9;25). 8.a) (—3;36);6)(6;25). 9.a)(—2;9);6)(—6;49). 10.a)(~9;—9);
(3;27); 6) (—4; —4); (10; 1,6). 11.a)(7;2);6) (9;4). 12.a) (6;5);6) (3; —1).
13. a) (-1;1); (3;9); 6) (=2;10); (4;7). 14. a) (4;/3); 6) (4;V13).
15. a) (—2;2); 6) (6;4). 16. a) (3;6); 6) (=3;5). 17. a) (—4;7); (4;5);
6) (—6;3); (6;1). 18. a) (4;9); 6) (9;1). 19. a) (-10;-7); 6) (=7;-=5).
20. a) (4;1); 6) (4;9). 21. a) (4¢;t), rtae t <0; 6) (0;0). 22. a) (20; —4);
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6) (14;2). 23.a)(1;1);6) (1;1). 24.a)(3;27);6) (2;18). 25.a) (—g—; —g);

(1;1);6) (1; 1).
TpeuuposouHas pabora 10

1. (26). 2. (=1;0). 3. (5;4). 4. (9;2); (25-1). 5. (9;6);
(=3;-2). 6.(23). 7.(=9;—4); (10;155—‘). 8. (3%) 9.(6:2). 10.(5;2).
11. 3;5 . 12. PeuieHuii HeT.

CHcTeMBl, COAepsKallie TPUTOHOMETpHYECKHe YPaBHEHHA
1. a) (:l:§+27m;l); 6) (( 1)’l + 7n; 1). 2. a) (n+2ﬂ:n;:!:%+27rk);
6) (£3 +2nn; 27k ). 3. 2) (——+7m;— )io) (- +mm3). 4@ (F+
+7m;:l:g+2nk); 6) (Z + nn; (— 1)"+1 +nk) 5. a) (— ==+ —);

6) (%, —771). 6. a) (_5 +27m,271:k), 6) (rz+27m, §+2nk). 7. a) (—
a) (11:(2k+n+1)_ n(n—Zk—l)).
3 4 )

_% + 27rn); 6) (—19;—% + Znn).
6) (ﬂ(2k1§n+1); n(ZkIOM‘U) 9.a) (er-+rm; g+nk);6) (g+nn; §+nk).
10. a) ( il m) 6) (7_17:, —1%+ . 11, a) (2; %+nn); 6) (—4; T+ 27nn).

12, a) (4; —1+4n); (2k; —5); 6) (3; 1+4n); (1 +2k; —11). 13.a) (%Tn +37n;

T nk, m 4nk 7nn_ 7 | 77n 9n | 9nk .
som)s (5455550 (+ R+ ) (5

_E_T)' 14. a) (—1; ﬂn) 6) (-9; = +Tm) 15. a) (7t+27m;_§);

6) (5 +2mm;2). 16.2) (5 +7n;2);6) (ml,3). 17. a) (; 27); 6) (; — 7).
18. a) (n+21’m; o) +27rk), 6) (m+27n;2nk). 19. a) (E + 27n; z -+-2nk)~
6) (2nn; m+27k). 20.2) (1;270); 6) 3; -2 +2mn). 21.2) (3 +27m51);
(@27k; 2); 6) (7 + 27n; 5); (3—“+2nk~ 4). 22.2) (35+m); 0 (325"
23.0) (-10; 32+ 2); (10, - £ + 228, ) (v o+ 222); (VB S+
+%) 24. a) (f —+27m) (—\/§,—§+27rk), (41/§;g+27m);
( -44/3; — +27rk) 25. a) (—Z+7m;3); (arctg%+7rn; —g—), 6) (—%—i-nn;
—4), (arctg§+ﬂ:n;—;).
TpenupoBo4Has pabora 11

1. ((—1)"1;—+1m;2), nez. 2. (—1; (—1)"“%+rcn), neZ. 3. (§+rm; 2),
nez. 4. (—g+2nn; 271:k), n,k€Z. 5. (—13; ——27E+27m), nez. 6.(—1;mnn),

neZz. 7. (%+2nn;§); (—%+2rck;—§), nkeZ. 8. (g+2nn;6);
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(m + 2mk;5), n,k € Z. 9. (2_71 + 27'cn'1); (Z_r + 27rk;—1), nk € Z.
10. (-4vZ; - 2””) (4v2i 55+ zgk) nkez. 11 (237 +27n52);

(nk; D); (t; 0),t;é§+7rm,n,k,m,l€Z,l;éO. 12. (0;t), t# nn; (Ttl; g+7rk),
nlLk€Z, l#0.

CHCTEMBI, cozepikalive nokKasaTejbHbi€ YPaABHEHHSA

1. a) (1;1); 6) (1;1). 2. a) (3;2); 6) (5:3). 3. a) (5;5); 6) (~7;10).
4. a) (5;1); 6) (—4;1). 5. a) (—4;logs134); (5;3); 6) (—4;logs21); (1;2).
6. a) (log, 8;l0g,9); (2;3); 6) (logs8;log,25); (2;3). 7. a) (2;2); 6) (2;3).
8. a) (log; 64; logg 25); (2;1); 6) (log,3—1;3log;4+3); (2;4). 9.a) (—1;-3);
6) (-2;—-1). 10.a) (3;1);6) (4;1). 11.a) (1;3); 6) (1;5). 12.a) (-7;5);
6) (=9;8). 13.a) (1; g);6) (1%) 14.2) (1;1); 6) (1;2). 15. a) (=5; 0);
6) (6; —0). 16.a) (2;9); (6;5);6) (-=7;-4); (7, -18). 17.a) (4;1);6) (16;1).
18.a) (1; —5); (1;5); 6) (1; -2); (1;2). 19.a) (—6;—1); (—=6;1);6) (—4; —-1);
(=4;1). 20. a) (4;-2); (4;2); 6) (1;-1); (1;1). 21. a) (2;1); 6) (1;2).
22, a) (1;3); 6) (1;2). 23. a) (3;2); 6) (3;6). 24. a) (19;1); 6) (14; 1).

25.2) (-1,-2);6) (-1, 3).

TpenupoBouyHas pabora 12
1. (1;3). 2.(2;1); (log,7; 2log,2). 3.(1;2). 4.(12;13). 5.(1;5); (1;=5).

6. (—16;0); ( 251) 7.(2;1). 8. (3;log; 10). 9. (—2;3); (log, 81 —2; —1).

8 11

10. (1og5 % g). 1121 (=8 -4). 12 (35 2 )s (45225 (=6;-3).
CucTeMbl, cogepiKalue jorapubMudecKie ypaBHeHUA

1.2) (=2;10);6) (=4: 49). 2.a) (5;6);6) (15;16). 3.a) (0,04;3); 6) (l' )

4. a) (=49; —1); (~1;—-49); 6) (=16; —1); (=1; ~16). 5. a) (; 49) 9:7)

6 (53) @555). 6.2 (5:1;6 (3:-1). 7 a(/Z6-1%; 6) 51,
8. a) (—25;8); (V5;-0,5); 6) (¥9;5); (¥/3;1,5). 9. a) HeT peleHuii; 6) (2;
D. 10. a) (%;1); (3;6); 6) (0,5;—4); (¥4;1). 11. a) (9;2); 6) (4;4).
12.3) (4;8); (8;4);6) (2;3); (3;2). 13.a) (2;2);6) (4;16). 14.a) (-1;-9);
6) (—2;—-9). 15.a) (1;3); 6) (5;4). 16. a) (9;2); 6) (2;8). 17. a) (3;2);

6) (7:5). 18. a) (5:49): (25:7); 6) (%3) (2%—) 19. a) (3;6);

6) (121 Z) 20. a) (27, 1); 27;7); 6) (64,—9); (64;3). 21. a) (1 1)
6) (1:1). 22. a) (9;28); 6) (8;21). 23. a) (4:7); 6) (6;10). 24. a) (6;4);
6) (5;14). 25.2) (0; —g); 6 (0; ‘—‘).
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TpesupoBo4Has pa6oTa 13

1.(5:9). 2.(=3;9). 3.(2;2v2). 4. (3;%). 5.(8:4). 6.(3;1). 7.(7;5);
. 2 ) } . .
(5;7). 8. (7,5:45). 9. (3, 10g32)' 10. (1;v3); (3;3). 11. (6;8).
12. (5; 7).
Juarnocruyeckas pa6ora 1

Yacme 1. Ypasuenusn

;1?0;6. 2.[1;2]U[3; +2). 3.2. 4.+1. 5.3. 6.0,75. 7.a)x=
=:t2?n+21rn, nez, 6) _1477:' 8. %+
10. tn,ne€Z. 11.-3,5;-1. 12.4;12.

1. -5;-3
ZI_E

T 143
5 , NEZ; —%-F?,kEZ. 9. 4.

Yacms 1. Cucmembst ypasHeHuii

1L (@21); (—g%) 2. (-1;-3); (4-3). 3. (=5;-6). 4. (=1;-1).
5. (%;1)‘ 6. (5:9). 7. (%;ﬁ+%),n€l. 8. (—13;—§+2nn),nez.

9.(=5;0). 10.(4;1). 11.(27;7); (2—17, 1). 12. (1; -1).

OuarHocTHYeckas paGora 2

Yacmy 1. YpasHenua

1 -4-1;0;1;4. 2.-28 3.3. 4-3;-2:0. 5.3. 6.41. 7.x=7
T S 11t Sn it
+2m1,neZ,x——g+ifck,keZ,x——-é—+2ﬂ:m,m€Z,T,7. 8.x—5
R Tk =, Tm _9.
+nn,n€Z,x—26+13,k€Z,x— 16+ 3 ,meZ. 9.1.10. -2;2. 11.3.

12. 4.

Yacme 1. Cucmembt ypagrenuil
1. (V6 +2V3;2v3 = v6), (-6 — 2v3; V6 — 2v/3); (2V3 — V6; V6 + 2V3),
(V6-2v3; -V6-2V3). 2.(4;2). 3.(—4;4);(4;~4). 4.(-3;-3). 5.(5;6);
(=3;-2). 6.(3;27). 7.(113—:;“7"),kez. 8. (2:2nk+%), kez. 9.(-5;0).
10. (3;2). 11.(4;7). 12.(9;28).

JAuarHocrudeckas pa6ora 3

Yacms 1. Ypashenus

1.-3;-2;0;1. 2.{-14}u[0;7]. 3.-4;-1;3;6. 4.-1. 5. % 6. —5; 5.

_427 . gy 21, 2m 4n - 2nk
7.a)x—:!:3+27m,n€Z,6 3530 3 8.x——3+ 3
2ntm

+T,m€Z. 9.3. 10.-3,5;6. 11.16. 12.10;11.

13
kGZ,x—i‘l-
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Yacme 1. Cucmembt ypasHenuil

1 (=9;-2). 2. (~1;-1). 3. (4:=7). 4. (0;=3). 5. (1;1); ( g,—g).
6. (—10; =7). 7. (4;3+4k); (2n; —5), n,k€Z. 8. (1;7k),keZ. 9.(12;13).

10. (—16;0); (—l; %) 11. Peurenwnit vet. 12. (O; ——g)

JuarsocTuyeckas pa6ora 4

Yacms 1. Ypasrenua

1+/5
7
T 1 b1 1

=3 +2nn, ne€Z; x= iarccos(——) + 271k, k € Z; E;arccos(—z);mr -

1. -2;-1;1. 2. 5;7. 3. l;g. 4. —4; 5. 56. 6. 158 7. x=

—arccos(—%). 8x~—5—n+—— mezZ. 9.-2;1. 10.—4;—2;—5, 11.1.
12.1.

Yacms 1I. Cucmemst ypasHenuil

1.(%;0);(1;1). 2.(=9:—2). 3.(4:4). 4.(45;3). 5.(—4;—1). 6.(36;9);

(81:324). 7. (2rtk; 1), keZ. 8. (—arccos%+27rk; 1); (:tarccos%+27'ck; —z),

keZ. 9. (-1;1). 10. (—STn + an;BW), k € Z. 11. Her pelueHui.
12. (2; 16).

AuarHocrndeckasn pabora 5

Yacms 1. Ypasuenun

1.-35:1. 2.[~2;3]U[4;+®). 3. M_ 4.0. 5.%. 6.-3;-1. 7.x=
——+2nk kez; x—?+2nm meZ,?> 56“ 8.x=%+ﬂ:n,n€Z. 9. 5.

1005 11.7. 12.3.

Yacmes 1. Cucmembt ypasHeHull

1. 2 1): (—13;3‘-‘). 2. (=8:1); (2;1). 3. (6;5). 4. (4:7). 5. (36;4).

9
6. (1;1). ! ) nez. 8.(-2;-1); (—n; g+nn),

(- )
11
nez. o. (% g+2nk) kez 10. (3 1——2—@5) 11. (16:2). 12. (3;27);

(27;3).

3
1)1 arcsin 3 +mn;
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